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act

aper deals with the lateral-torsional buckling of elastoplastic steel beams under pu

ng considering various cross-section geometries. Critical buckling moment expressio

stic beams are well documented. In contrast, less attention has been devoted

teral-torsional buckling phenomenon in elastoplastic regime. When considering sho

(with sufficiently low slenderness), plastic zones will develop before buckling occur

roblem being faced here is however much more complex than the classical problem

stoplastic beam subjected to an axial compressive force. Under such loading, plasti

curs instantaneously and evolves uniformly over the cross-section and along the bea

whereas, in the other case, plasticity will spread gradually and the plastic zones w

e with the loading. The main objective of the present paper is to develop original a

al solutions for the elastoplastic lateral-torsional buckling of perfectly straight beam

eral formulation based on a previously developed 3D plastic bifurcation theory is fir

sed and then applied to the cases of two specific cross-section geometries, namely rec

r and I profiles. For the sake of simplicity, transverse shear strains are neglected

alysis. The von Mises yield criterion with a linear isotropic hardening is adopte

case of a rectangular cross-section, closed-form solutions are obtained for the elast

critical buckling moment, which is shown to depend on the geometric and materi

eters of the beam, including the yield stress. For validation purposes, all the analytic
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ns are compared against the results of numerical computations performed with an i

program based on a shell finite element formulation. Analytical and numerical resul

very good accordance, making the analytical method presented here an efficient an

e tool to analyze the elastoplastic lateral-torsional buckling phenomenon.

rds: Lateral-torsional buckling, Elastoplasticity, Analytical modeling, Finite

nt validation, Rectangular cross-section/I-beam

roduction

e buckling problem is one of the most common failure mode of slender (or thi

ures. Buckling analyses are thus required when designing beam-type structures, so

ive the so-called critical loads and corresponding bifurcation modes. Among possib

ng phenomena encountered in practice, the buckling of a straight beam under axi

ession is certainly the most widely studied in the literature. In elasticity, the fir

l load of a compressed beam was found as the solution of an eigenvalue problem b

at the beginning of the eighteenth century. In contrast, the pioneering works dealin

he plastic buckling problem only date back to the end of the nineteenth century. Th

gnificant result is due to Shanley [1] and concerns the so-called Shanley’s column und

ompressive force, which turns out to be a discrete model supposedly able to reprodu

atively the behavior of a beam cross-section. He provided the first satisfactory answ

ing the nature and the value of the first critical load in elastoplasticity. In both cas

iscrete or continuous structure, the first bifurcation is proved to occur at the so-calle

t modulus critical load, giving rise to an incipient unloaded zone and an increasin

uring the initial post-bifurcation stage. Later, it was shown by Cimetière [2] th

case of compressed rectangular plates, elastoplastic structures are likely to bifurca

rresponding author.
ail address: philippe.le_grognec@ensta-bretagne.fr (Philippe Le Grognec)
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intervals of critical loads, by continuously modifying the unloaded zone at critic

nd thus the resulting structural stiffness. Each continuous range of bifurcation poin

er mode) observed in plasticity spreads from the tangent modulus critical value to th

one. Whilst the bifurcation can theoretically take place at any point of the continu

urally occurs at the tangent modulus critical value in practice, which corresponds

inimum buckling load and manifests itself by incipient unloading only. Moreove

dealing with plastic buckling, different critical values may be obtained, dependin

retained plasticity theory. A large discrepancy between the results provided by th

nd deformation theories has been emphasized by many authors in the literature.

cases, it turns out that the flow theory largely overpredicts the experimental critic

, whereas the deformation theory provides critical load values that are in much bett

ent, although the latter does not include the elastic unloading possibility. This maj

known as the plastic buckling paradox, may be due to unavoidable imperfections

ments. Having this in mind, Liu [3] analyzed the imperfection sensitivity of uniaxial

essed plates by means of finite element computations, considering both the flow an

ation theories for comparison purposes. Neale [4] carried out a theoretical analys

influence of the imperfections on the plastic buckling of rectangular plates usin

sner-type variational principle. He showed the close agreement between the resul

ed with the flow theory and those obtained with the deformation theory (and th

ith experimental data), provided that imperfections were conveniently accounted f

formulation. Besides, the plastic buckling paradox has been partially explained b

ct that the flow theory induces an elastic shear modulus at onset of buckling. It

ularly detrimental, for instance, to beam torsional buckling problems, for which th

nal stiffness is not affected by the plasticity developing during uniaxial compressio

alternative solution, Becque [5] defined, in the context of the flow theory, a ne

tic shear modulus to be used instead of the elastic one in the torsional buckling analys

3
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ciform columns, among other things, realizing thus a compromise between the tw

es.

e lateral-torsional buckling of a straight beam is of interest to thin-walled beam

ally, lateral-torsional buckling occurs in a beam under pure (or simple) bending du

compressive stresses affecting approximately half of the fibers. It manifests itself in

ritical torsional deformation once the critical moment is exceeded (see Figure 1 for a

ation of the lateral-torsional buckling of an I-beam under pure bending with simpl

rted ends). It usually happens when the cross-section has low values of transver

al and torsional second moments of area.

Figure 1: Lateral-torsional buckling of a simply-supported I-beam under pure bending

e elastic lateral-torsional buckling of beams has been widely studied over the pa

es. The particular case of I-beams was intensively investigated. The first analytic

sion of the elastic critical bending moment has been proposed by Timoshenko and Ge

I-beams resting on fork supports. Vlasov [7] introduced the warping effect necessary f

alysis of torsion of open sections and thus for the investigation of their lateral-torsion

ng. The elastic lateral-torsional buckling phenomenon depends on several factors su

4
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bending moment distribution [8], the relative position/orientation of the applied for

espect to the shear center, the boundary conditions [9] and the cross-section symmetri

1]. The elastic critical bending moment is generally calculated with the three fact

la used in most design codes [12, 13]. It can be derived from differential equations [6]

he potential energy using the Rayleigh–Ritz method [6, 14]. Numerous finite eleme

s have also been developed so as to ease its practical calculation [15]. However, th

critical bending moment is often not sufficient to design profiles against this bucklin

menon as initial imperfections and residual stresses may accelerate the process. Th

t design codes [16] integrate these effects using classical buckling curves [17]. Tar

reiner [18] developed a more consistent approach for the lateral-torsional bucklin

is integrating explicitly the initial imperfections in an Ayrton-Perry formulation [19

pproach, based on an elastic behavior of the member, is not adequate when the applie

ng moment induces yielding of the cross-section.

beit the elastic lateral-torsional buckling phenomenon is well known and closed-for

ns of the elastic critical values are available for many cross-section shapes, the case

stoplastic beam has rarely been addressed so far. As in the case of axial compressio

considering sufficiently short beams (with low slenderness), the lateral-torsional buc

henomenon is prone to arise after the onset of plasticity, and the use of elastic critic

ng moments is no more consistent since the yielding of the cross-section should also b

ered when calculating the bifurcation critical value. The determination of elastopla

tical moments can be thus of great importance for design purposes. Neal [20] may b

ered to have pioneered the lateral instability analysis of inelastic beams. He examine

teral-torsional buckling (under pure or simple bending) of partially yielded beams wi

angular cross-section, both from a theoretical and experimental point of view. He sp

demonstrated and verified experimentally that the elastic torsional rigidity should b

ed in the evaluation of the critical bending moment even in the elastoplastic regim

5
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on this pioneering work, the case of an I-beam was investigated by Galambos [21]

ars later from an engineering point of view. The influence of initial residual stress

cluded in the analysis and not only the lateral (bending) stiffness but also the to

stiffness was reduced due to yielding. Even later, Trahair and Kitipornchai [22, 2

nalyzed the lateral-torsional buckling of inelastic I-beams, from a theoretical and e

ental point of view, still considering the effect of residual stresses. They showed th

e of a null tangent modulus and an elastic shear modulus did not greatly affect th

l moments of the beam in most cases. They also highlighted the possible significa

ce of initial geometric imperfections.

line with these works, this paper is devoted to the derivation of analytical solutions f

itical moment of elastoplastic lateral-torsional buckling of straight beams with vario

section shapes. In Section 2, a general theoretical formulation of the lateral-torsion

plastic buckling problem is developed. It is based on the 3D elastoplastic bifurcatio

, using the J2 flow theory considering the von Mises yield criterion with linear isotrop

ning. This 3D approach has already been applied successfully to elastic/plastic Tim

ko beams [24], two-layer beams with partial interaction [25, 26], or sandwich beam

8] under axial compression/pure bending, but also to the lateral buckling of offsho

nes including twisting effects [29]. In Section 3, two particular cases are investigate

with a thin rectangular cross-section and an I-beam. In some particular condition

-form solutions are derived for the elastoplastic critical bending moments. Next,

n 4, an in-house shell finite element program is employed to validate the previo

ical solutions. Some special features of the finite element tool are first recalled an

ical computations are performed for the two specific geometries defined above. N

l computations are also carried out using a beam finite element formulation in Abaq

re, for comparison purposes. The analytical and numerical results are generally prove

in very good accordance. Lastly, general conclusions and prospects are proposed

6
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n 5.

alytical formulation of the elastoplastic lateral-torsional buckling problem

roblem definition

t us consider a straight beam with an arbitrary uniform cross-section. For simplici

ses, we will restrict ourselves to the case of a bi-symmetric cross-section, for which th

of torsion and the center of gravity coincide. The geometry of the beam is defined b

gth L along the x-axis (with endpoints located at x = 0 and x = L) and its total dep

ng the y-axis (with the neutral axis defined at y = 0). The cross-section area, th

al first and second moments of area with respect to axes y and z, the torsional mome

a and the warping moment will be defined in due time. The material is assumed to b

eneous, displaying a linear elastic regime followed by a plastic regime driven by th

ises yield criterion with a linear isotropic hardening. In the following development

ill be made of the Young’s modulus E, the shear modulus G = E
2(1+ν)

(involving th

n’s ratio ν), the yield stress σy and the tangent elastoplastic modulus ET = EH
E+

e H stands for the (constant) hardening modulus).

e beam is subjected to two opposite bending moments M about the z-axis actin

beam ends in such a way that it undergoes a pure bending state with a unifor

ng moment along the length. This particular loading will lead to the lateral-torsion

ng of the beam in the elastic or elastoplastic regime, depending on the geometric an

ial parameters. Simply-supported boundary conditions are assumed so as to provid

ed-form expression for the buckling mode. The critical load and the bifurcation mod

e derived here from a general 3D approach which has been already applied to oth

buckling problems [24, 25, 26, 27, 28, 29].

7
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heoretical formulation

e theory is developed first in a 3D framework (the beam is initially seen as a 3D bod

a total Lagrangian formulation. From a general point of view, the critical loading Λ

e bifurcation mode X of a 3D body, occupying Ω in the reference configuration, ca

ssically obtained by solving the following bifurcation equation [30]:

∀ δu,
∫

Ω

∇T δu : Ki (Λc) : ∇X dΩ = 0 (

δu can be considered as a kinematically admissible test function or, more physicall

virtual variation of the unknown displacement field u.

Equation (1), Ki represents the fourth-order nominal tangent tensor and can be writte

ows:

Ki =
∂Π

∂F
= F.

∂Σ

∂E
.FT + (I.Σ)T = F.Di.FT + (I.Σ)T (

the above equation, E denotes the Green strain tensor and Σ the second Kirchho

tensor (symmetric); F is the deformation gradient and Π = F.Σ the first Kirchho

tensor (non-symmetric); I represents the fourth-order unit tensor (Iijkl = δilδkj) an

perscript T the transposition of a second-order tensor and the major transposition of

-order tensor (
(
AT
)
ijkl

= Aklij), respectively. Finally, Di is the fourth-order materi

t tensor reflecting the 3D constitutive law (with i = e or p, depending on whether th

ior is elastic or plastic, respectively).

the present case, the plastic zone at critical time (namely the region which plastifi

buckling moment) does not extend to the whole structure, as it does for a colum

uniform axial compressive force. However, the minimum critical value encountered

ce will also correspond here to the situation for which the plastic zone corresponding

furcated solution is equal to that of the fundamental solution. In brief, the bifurcatio

kes place at the tangent modulus critical load with incipient unloading.

8
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the elastic regime, the material is linear and isotropic, and De is the classical elastici

tor whose components in an orthonormal basis are De
ijkl = λδijδkl + µ (δikδjl + δilδkj

δij is the Kronecker symbol, and λ = Eν
(1+ν)(1−2ν)

and µ = G = E
2(1+ν)

are the Lam

nts.

the plastic regime, the plastic threshold is defined by the von Mises yield functio

linear isotropic hardening:

f(Σ, A) =

√
3

2
Σd : Σd − σy − A A = Hp (

Σd denotes the deviatoric part of Σ and p the equivalent plastic strain. The materi

t elastoplastic tensor reads then:

Dp =
∂Σ

∂E
= De − De : ∂f

∂Σ
⊗ ∂f

∂Σ
: De

H + ∂f
∂Σ

: De : ∂f
∂Σ

(

the tensor product ⊗ of two second-order tensors S and T is defined by (S⊗T)ijkl

.

ore explicit expressions of the above tensors shall now be derived by exploiting th

ial stress state in the beam at hand. Indeed, in the pre-critical state, the beam

pure bending and thus the nominal (first Kirchhoff) stress tensor comprises a sing

ro component, namely the longitudinal tensile/compressive stress Πxx.

en, the following assumption of small pre-critical deformations, which is usually sa

in practice, can be made:

‖∇u‖ � 1 (

us, the stress tensor Σ writes:

Σ = F−1.Π ≈ Π (

9
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also limited to a single component Σxx.

e nominal tangent tensor in Equation (2) is also simplified as follows:

Ki ≈ ∂Σ

∂E
+ (I.Σ)T = Di + Σxxei ⊗ ex ⊗ ex ⊗ ei (

the implicit summation convention on repeated indices is used with i = x, y, z.

the case of plasticity, the material tangent tensor in Equation (4) takes the followin

it form:

Dp = De − µ2

H + 3µ
(I− 3ex ⊗ ex)⊗ (I− 3ex ⊗ ex) (

d to the uniaxial stress state.

e components of Dp in the orthonormal basis (ex, ey, ez) are:

Dp
xxxx = λ+ 2µ− 4µ2

H+3µ
Dp
yyzz = λ− µ2

H+3µ

Dp
yyyy = λ+ 2µ− µ2

H+3µ
Dp
xxzz = λ+ 2µ2

H+3µ

Dp
zzzz = λ+ 2µ− µ2

H+3µ
Dp
xxyy = λ+ 2µ2

H+3µ

Dp
xyxy = Dp

xzxz = Dp
yzyz = µ

(

e other components are either zero or derived from Equation (9) using both maj

inor symmetries of tensor Dp (Dp
ijkl = Dp

klij = Dp
jikl = Dp

ijlk).

rthermore, when dealing with 1D beam-like models, ad hoc assumptions are usual

in order to enforce some specific stress state in the body. Namely, the transver

l material stresses are assumed to be zero: Σyy = Σzz = 0. Taking into account the

ptions, one may replace the tensor Di in Equation (7) with the reduced tensor C

d as:

Ci
ijkl = Di

ijkl +
Di

ijyy(Di
yyzzD

i
zzkl−Di

zzzzD
i
yykl)+Di

ijzz(Di
zzyyD

i
yykl−Di

yyyyD
i
zzkl)

Di
yyyyD

i
zzzz−Di

yyzzD
i
zzyy

(i, j) 6= (y, y), (z, z) (k, l) 6= (y, y), (z, z)
(1

10
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can be readily checked that tensor Ci has the major and both minor symmetries.

quel, only the following reduced moduli (and their equivalents obtained by major

symmetries) will be needed:

Ce
xxxx = E Cp

xxxx = ET

Ce
xyxy = Ce

xzxz = Ce
yzyz = µ Cp

xyxy = Cp
xzxz = Cp

yzyz = µ
(1

nsidering the above simplifications, the bifurcation equation (1) reads:

∀ δu,
∫

Ω

∇T δu :
(
Ci + Σc

xxei ⊗ ex ⊗ ex ⊗ ei
)

: ∇X dΩ = 0 (1

Σc
xx stands for the uniaxial stress at critical time.

t us now consider the bending-twisting response of the beam. As regards the bendin

m, the beam is assumed to be sufficiently long so that transverse shear effects ca

glected. The Euler-Bernoulli kinematics is thus retained, involving only three scal

cement fields u(x), v(x) and w(x), respectively the axial and transverse displacemen

y- and z-axes of the centroid axis of the beam (the flexural rotations are direct

d to the transverse displacement fields since the cross-sections are supposed to rema

onal to the centroid axis of the beam after deformation). As for the twisting pro

he cross-section torsional rotation θ(x) (about x-axis) is introduced together with th

ng function ω(y, z) which reflects the distribution of axial displacement throughout th

n due to torsion. Once the beam buckles from the fundamental solution to a ben

d shape, the expressions for the bifurcation mode X and the displacement variation δ

th chosen according to the following kinematics, bringing together the displaceme

11
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related to the flexural and torsional effects:

X =

∣∣∣∣∣∣∣∣∣∣

U − yV,x−zW,x +ωΘ,x

V − zΘ

W + yΘ

δu =

∣∣∣∣∣∣∣∣∣∣

δu− yδv,x−zδw,x +ωδθ,x

δv − zδθ

δw + yδθ

(1

e bifurcation mode gradient then writes:

∇X =




U,x−yV,xx−zW,xx +ωΘ,xx −V,x +ω,y Θ,x −W,x +ω,z Θ,x

V,x−zΘ,x 0 −Θ

W,x +yΘ,x Θ 0




(1

e gradient of the displacement variation takes a similar form.

e bifurcation equation becomes thus:

, δv, δw, δθ,

∫

Ω

[Ei (U,x−yV,xx−zW,xx +ωΘ,xx ) (δu,x−yδv,xx−zδw,xx +ωδθ,xx )

+µ (−V,x +ω,y Θ,x ) (−δv,x +ω,y δθ,x ) + µ (V,x−zΘ,x ) (δv,x−zδθ,x )

+µ (−V,x +ω,y Θ,x ) (δv,x−zδθ,x ) + µ (V,x−zΘ,x ) (−δv,x +ω,y δθ,x )

+µ (−W,x +ω,z Θ,x ) (−δw,x +ω,z δθ,x ) + µ (W,x +yΘ,x ) (δw,x +yδθ,x )

+µ (−W,x +ω,z Θ,x ) (δw,x +yδθ,x ) + µ (W,x +yΘ,x ) (−δw,x +ω,z δθ,x )

+Σc
xx (U,x−yV,xx−zW,xx +ωΘ,xx ) (δu,x−yδv,xx−zδw,xx +ωδθ,xx )

+Σc
xx (V,x−zΘ,x ) (δv,x−zδθ,x ) + Σc

xx (W,x +yΘ,x ) (δw,x +yδθ,x )] dΩ = 0

(1

Ei = E or ET , depending on whether the local behavior is elastic or elastoplasti

tively.

der an axial compressive force, plasticity occurs instantaneously and evolves uniform

he whole structure whereas under a bending moment, plastic zones appear first at th

d bottom faces of the cross-section and spread progressively towards the neutral ax

12
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beam. At the sought critical point (which will be assumed to correspond to th

t modulus critical value), the beam will then be partially plasticized with an elast

l zone and two plastic zones located at the cross-section extremities, separated fro

ther by transition heights. In the above equation, the uniaxial stress field is thus n

m and, due to plasticity, it cannot even be simply related to the bending momen

consider only the upper half of the beam (y > 0) by symmetry and let c (> 0) b

coordinate of the transition between the elastic and plastic zones, measured from th

l axis (see Figure 2). Under pure bending and the assumption of small pre-critic

ations, the axial strain writes simply:

Exx = −yK (1

K is the uniform curvature, which is supposed to be positive along the length of th

Owing to the uniaxial stress state, the longitudinal stress can be deduced easily:

= E Exx = −yEK = −y
c
σy in elasticity (0 < y < c)

= −σy + ET
(
Exx + σy

E

)
= −σy

[
1 + ET

E

(
y
c
− 1
)]

in plasticity (c < y < h)
(1

t us now define the reduced cross-section area A(ξ), first and second flexural momen

a Z(ξ), Iy(ξ) and Iz(ξ), and warping moment Iω(ξ), as follows:

A(ξ) = 2
∫ ξ

0
dS

Z(ξ) = 2
∫ ξ

0
y dS

Iy(ξ) = 2
∫ ξ

0
z2 dS

Iz(ξ) = 2
∫ ξ

0
y2 dS

Iω(ξ) = 2
∫ ξ

0
ω2 dS

(1

13



Journal Pre-proof

Fig

where 0

and y

Th g

concis

M
9)

Th e

definit g
Jo
ur

na
l P

re
-p

ro
of

ure 2: Strain and stress profiles along the thickness of an elastoplastic beam under pure bending

the integrals are evaluated over the portion of the cross-section located between y =

= ξ.

anks to the above definitions, the bending moment can be expressed in the followin

e manner:

= 2
∫ h

0
−yΣxx dS = 2

∫ c
0
y2 σy

c
dS + 2

∫ h
c
yσy

(
1− ET

E

)
dS + 2

∫ h
c
y2 σy

c
ET

E
dS

= σy
c
Iz(c) + σy

(
1− ET

E

)
(Z(h)− Z(c)) + σy

c
ET

E
(Iz(h)− Iz(c))

(1

e bifurcation equation (15) can also be integrated over the cross-section using the sam

ions (18). During this step, negligible higher-order terms will be eliminated (assumin

14
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c
xx � E) in such a way that the bifurcation equation can be simplified into:

∀ δu, δv, δw, δθ,
∫ L

0
[(EA(c) + ET (A(h)− A(c)))U,x δu,x

+ (EIz(c) + ET (Iz(h)− Iz(c)))V,xx δv,xx + (EIy(c) + ET (Iy(h)− Iy(c)))W,xx δ

+ (EIω(c) + ET (Iω(h)− Iω(c))) Θ,xx δθ,xx +µJΘ,x δθ,x−σy
c
Iz(c) (Θ,x δw,x +W,x

(
1− ET

E

)
(Z(h)− Z(c)) (Θ,x δw,x +W,x δθ,x )− σy

c
ET

E
(Iz(h)− Iz(c)) (Θ,x δw,x +W,x δ

(2

J =
∫
S

[
(y + ω,z )2 + (z − ω,y )2] dS corresponds to the torsional inertia of the cros

n.

nally, integrating by parts Equation (20) with respect to x yields four local differenti

ions for the components U , V , W and Θ of the eigenmode:

(EA)∗U,xx = 0

(EIz)
∗V,xxxx = 0

(EIy)
∗W,xxxx +McrΘ,xx = 0

(EIω)∗Θ,xxxx−GJΘ,xx +McrW,xx = 0

(2

:

(EA)∗ = EA(c) + ET (A(h)− A(c))

(EIz)
∗ = EIz(c) + ET (Iz(h)− Iz(c))

(EIy)
∗ = EIy(c) + ET (Iy(h)− Iy(c))

(EIω)∗ = EIω(c) + ET (Iω(h)− Iω(c))

(2

cr is the critical bending moment given by Equation (19) for the critical value of

will act further as the bifurcation parameter.

e natural boundary conditions are also provided by the integration by parts, togeth

he local differential equations. Let us first define the displacement boundary conditio

d by the eigenmode. The beam is simply-supported at both ends, so that V (0)

15
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= V (L) = W (L) = 0. The torsional rotation is also prevented at both ends: Θ(0)

= 0. Last, the longitudinal displacement is fixed at an arbitrary point (say U(0) =

o prevent rigid body modes. Assuming a kinematically admissible virtual displaceme

e conditions δv(0) = δw(0) = δv(L) = δw(L) = 0, δθ(0) = δθ(L) = 0 and δu(0) =

be taken into account during the integration process leading to the remaining stre

ary conditions:

(EA)∗U,x (L) = 0

(EIz)
∗V,xx (0) = (EIz)

∗V,xx (L) = 0

(EIy)
∗W,xx (0) = (EIy)

∗W,xx (L) = 0

(EIω)∗Θ,xx (0) = (EIω)∗Θ,xx (L) = 0

(2

olution procedure

e first two uncoupled equations in (21) together with the corresponding bounda

ions give rise to the following trivial solutions: U(x) = V (x) = 0. The last tw

ions in (21) are coupled since they both involve the lateral displacement field W an

tation Θ. The sought buckling modes are thus prone to combine bending and torsio

theless, these two equations can be combined into a single differential equation on

ing Θ:

(EIω)∗Θ,xxxxxx−GJΘ,xxxx−
M2

cr

(EIy)∗
Θ,xx = 0 (2

this time, by solving Equation (24) together with the corresponding boundary cond

it can be shown that the first mode takes necessarily the following form:

Θ(x) = Θ0 sin
(πx
L

)
(2

at W (x) is also found to be a sine function (with a similar form).

the following case studies, the plastic zones within the cross-section will be such th

16
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arping inertia (EIω)∗ will be negligible compared to the remaining terms. Equatio

an thus be rewritten as follows:

Mcr =
π

L

√
GJ(EIy)∗ (2

uation (26) provides the expression of the sought critical bending moment. In ela

the same developments can be made. By replacing the elastoplastic tangent modul

th the elastic modulus E, one obtains the classical expression for the critical bendin

nt of an elastic beam in lateral-torsional buckling (as far as the warping inertia is st

ible):

M e
cr =

π

L

√
GJEIy (2

the second moment of area of the whole section Iy(h) has been simply renamed he

convenience purposes.

elastoplasticity, Equation (26) is implicit, as Mcr depends on the transition coordina

ell as (EIy)
∗. This equation will be solved, analytically or numerically, so as to gi

itical value of c and, subsequently, the critical value of the bending moment Mcr

astoplastic regime.

plication cases

hin rectangular cross-section

t us first consider the case of a beam with a thin rectangular cross-section of dep

asured along y-axis and width b measured along z-axis. It is assumed that b �

corresponds to the configuration of a thin-walled open section whose torsional inert

sically estimated through the following expression:

J =
2b3h

3
(2

17
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e useful partial moments of area and the elastoplastic flexural stiffness (EIy)
∗ take o

llowing values:

Z(ξ) = bξ2

Iy(ξ) = b3ξ
6

Iz(ξ) = 2bξ3

3

(EIy)
∗ = (Ec+ ET (h− c)) b3

6

(2

as the warping inertia is neglected here due to the thinness of the beam.

facilitate further analysis, two dimensionless parameters are introduced:

c
h

(relative coordinate of the transition between elastic and plastic zones

ET

E
(ratio between the tangent elastoplastic and elastic moduli)

(3

nally, inserting the expression (19) of the critical moment into Equation (26), on

s a sixth-order polynomial equation for the critical value of a:

)2a6−6(η−1)2a4+(4η+β)(η−1)a3+(9η2−(β+18)η+9)a2−12η(η−1)a+4η2 = 0 (3

= π2EGb4

L2h2σ2
y

.

the general case, this equation must be solved numerically. If the geometric an

ial parameters are such that the lateral-torsional buckling occurs after the onset

ity, it can be found that Equation (31) has only one real root between 0 and 1. Usin

articular root, the value of the critical moment is then obtained in a straightforwa

er.

the case of a relatively small tangent modulus (namely for η � 1), the influence

ning can be neglected, as it will be verified in the sequel. One can therefore consid

18
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= 0 and Equation (31) becomes:

a4 − 6a2 − βa+ 9 = 0 (3

ch a quartic equation can be analytically solved, see Appendix A. Without going in

s, closed-form solutions are given below for the relative transition coordinate a and th

l moment Mcr for this particular case:

a =
α3−
√
α3(−α3+12α+2β)

2α2

Mcr = πb3h
3L

√
EGa = M e

cr

√
a

(3

α =
√

γ
2

+ 32
γ

+ 4

γ = 3

√
4β2 + 512 + 4

√
β4 + 256β2

(3

both cases, one can observe that the heterogeneous elastoplastic behavior (and stre

clearly complicates the calculations and leads to critical moments that depend n

n the tangent modulus but also on the yield stress, among other parameters.

-beam

t us now consider the case of a beam with a I-shaped cross-section whose dimensio

presented in Figure 3. The depth and thickness of the vertical web are respective

d b. The horizontal flanges are similar (so as to ensure the bi-symmetry of the beam

width w and a thickness t. It is assumed that b, t � h,w. In this configuration

alled open section, the torsional inertia is classically estimated through the followin

sion:

J =
2

3

(
b3h+ wt3

)
(3

the critical time, the beam is supposed to be partially plasticized assuming that th
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Figure 3: Geometry of the cross-section of the I-beam

s are totally plasticized and the web itself partially plasticized for |y| > c (in extrem

near the flanges). Under these conditions, the useful moments of the reduced area an

astoplastic flexural stiffness (EIy)
∗ take the following values:

Z(ξ) = bξ2 for ξ ∈ [0, h[ and Z(h) = bh2 + 2wth

Iy(ξ) = b3ξ
6

for ξ ∈ [0, h[ and Iy(h) = 1
6

(b3h+ w3t)

Iz(ξ) = 2bξ3

3
for ξ ∈ [0, h[ and Iz(h) = 2bh3

3
+ 2wth2

(EIy)
∗ = Ecb3

6
+

ET (b3(h−c)+w3t)
6

(3

this new configuration, the warping inertia may not be negligible due to the warpin

cement in the flanges. Nevertheless, as the flanges are supposed to behave plastically

itical time, with a tangent modulus much lower than the elastic one, it will practical

o influence on the critical moment.

nally, inserting the expression (19) of the critical moment into Equation (26), on

s again a sixth-order polynomial equation for the critical value of a = c/h, whi
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2h4 [(η − 1)a3 − 3(η − 1)a+ 2η]
2

+ 12L2btwh3 [(η − 1)a− η] [(η − 1)a3 − 3(η − 1)a+

−h2 [(η − 1)a− η] [π2a2b6ρ+ 36L2t2w2(η − 1)a− 36L2t2w2η]

−π2a2b3twhρ [t2(η − 1)a− η(t2 + w2)] + π2a2w4t4ρη = 0

(3

= ET/E like in the previous case, and ρ = EG/σ2
y.

the general case, this equation must be solved numerically and allows one to derive th

l value of the bending moment. Again, considering a null tangent modulus, Equatio

an be simplified into the following quartic equation:

b2h3
(
a2 − 3

)2 − 12L2btwh2
(
a2 − 3

)
− h

(
π2ab6ρ− 36L2t2w2

)
− π2ab3t3wρ = 0 (3

e closed-form solution of this equation will not be given explicitly as it involves to

rsome expressions. In addition, it can be shown that, for a given non zero tange

lus, the above approximate solution is in general less accurate for an I-section than f

angular cross-section, due to the presence of flanges.

merical results and finite element validation

inite element modeling

e previous theoretical solutions will be now validated thanks to finite element comp

s. For that purpose, use is made of an in-house shell finite element program. Develope

a total Lagrangian framework, the program can handle finite plasticity and geometr

nearities (finite displacements and rotations) in order to deal with the plastic bucklin

dvanced post-critical behavior of general structures. The use of such an advance

m brings many advantages, among which:

it is based on a shell finite element model which will validate the beam formulatio
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developed in this paper in a more comprehensive way (conversely, a beam finite eleme

model would have validated the analytical expressions only, but not the general bea

assumptions);

it is provided not only with arc-length solution methods, but also with branch-switchin

algorithms, that enable one to deal with non-linear plastic bifurcation analyses, wit

out resorting to any initial imperfections.

the following numerical computations, the thin-walled beams are thus described b

of shell elements. As regards plasticity, the von Mises yield criterion with a line

pic hardening is adopted. A plane stress radial return mapping is employed to integra

olution equations and compute the plastic strains and the stresses, together with th

d consistent elastoplastic tangent tensor. The shell surfaces are then discretized usin

node isoparametric quadrilateral elements (involving quadratic shape functions) wi

d integration. The virtual work principle yields the discretized non-linear equatio

problem, which are solved by the iterative Newton-Raphson procedure, requiring th

tation of the structural tangent stiffness matrix.

e computations are performed in an incremental way, and a quadratic arc-leng

d is used in order to proceed on the equilibrium branches and pass easily throug

le load or displacement limit points found on the different paths [31, 32]. The standa

n scheme is modified according to Lam and Morley [33], so as to cope with the compl

which may be encountered when solving the quadratic equation in terms of the loadin

. It consists in eliminating as much as possible the component of the residual for

is orthogonal to the load direction, as often as necessary.

anch-switching techniques are also included in the numerical procedure in order

the bifurcation points and bifurcate onto a given branch at any primary (or secondar

l point. Specific methods are implemented following Riks [31, 34] and Seydel [35]. Th
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ndamental steps are given below:

At the end of each increment, it must be checked whether one has passed across on

eral critical points. The detection of critical points is based on the singularity of th

t stiffness matrix, which is factorized following the Crout formula. The critical poin

termined by counting the negative pivot number.

Each critical point detected has to be isolated in order to determine its nature: lim

or bifurcation point. To do this, the current arc-length is re-estimated several tim

a dichotomy-like method. In the case of prescribed loads, a simple way to distingui

en a limit point and a bifurcation point is to determine the sign of the so-called curre

ss parameter introduced in [36], which changes when passing a limit point but remai

nged when passing a bifurcation point.

If it is a bifurcation point, the step increment size is reevaluated so as to reach a poi

ehind the bifurcation point.

Finally, the switching on a bifurcated branch is performed using the mode injectio

d [35]: at the first step of a bifurcating branch, the eigenvector corresponding to th

igenvalue is computed and used as an alternative prediction.

r more information, the whole program is described in full details in Le Grognec an

[37].

ternatively, finite element computations will also be performed using Abaqus softwar

mparison purposes. Again, incremental calculations are needed so as to take in

nt the material non-linearities, and use is also made of arc-length (Riks) methods

to handle possible limit points. In addition, imperfections are introduced so as

r the buckling phenomenon and follow the post-critical equilibrium path. To ea

entation, a perturbation force technique is adopted rather than other alternativ

ing geometric imperfections. The resulting equilibrium curves obtained with such

tation are supposed to be slightly degenerated, when compared to the idealized curv
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ing from perfect structures. Moreover, no bifurcation point is explicitly detected wi

alculations, but the corresponding equilibrium curves classically display limit point

can be identified as the sought critical values, failing another solution. Numeric

tes of the critical moment will be obtained using three-node (quadratic) beam fini

nts with six degrees-of-freedom per node (B32 elements in Abaqus). The use of B3

nts should have been more consistent with the analytical formulation, since transver

effects are neglected, but such elements are known to be not recommended for torsion

ng applications.

hin rectangular cross-section

e first case study concerns the beam with a rectangular cross-section. The dimensio

ed for the cross-section are such that lateral-torsional buckling may be the preferre

ng mode for the considered loading conditions. Therefore, the width b is clearly small

he depth 2h, but nevertheless, the cross-section is chosen sufficiently thick in such

hat buckling occurs after the onset of plasticity (and before any other undesirab

for a maximum length range. The material parameters coincide with the properti

235 grade structural steel, except the hardening modulus which is set to a rather hig

so as to prevent any localized extreme deformation during the shell finite eleme

tations. The geometric and material parameters are listed in Tables 1 and 2.

Half-depth h (mm) Width b (mm)
100 20

Table 1: Geometric parameters

e beam is modeled using shell finite elements whose thickness is equal to the width

k mesh convergence study shows that 4 elements are needed along the depth directio

as 30 elements are used along the beam length. A typical buckling mode is illustrate
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Young’s modulus Poisson’s ratio Hardening modulus Yield stress
E (MPa) ν (−) H (MPa) σy (MPa)

210000 0.3 1500 235

Table 2: Material properties

ure 4. In practice, an incremental calculation is performed and the buckling mode

ted by removing the trivial solution at the bifurcation point to the immediate pos

ng deformed shape (a suitable deformation amplification factor is applied for visibili

ses).

4: Deformed modal shape of the beam with a thin rectangular cross-section obtained with the sh
del

reproduce the physical model, some loading and boundary conditions must be enforce

h ends. Owing to the use of shell elements, the centers of the two end sections are fixe

h transverse directions in order to meet the simply-supported boundary conditio

as a single end section is fixed in the longitudinal direction to cancel beam rigid bod

. In addition, both end sections are fixed in the direction normal to the shell, in ord

vent torsional rotation at the beam ends. Last, a linear longitudinal shell edge load

rly applied to both ends so as to generate the equivalent of a bending moment.

veral numerical computations are performed considering beam lengths varying b
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800 mm and 3200 mm. In each case, with such a cross-section geometry, the beam

to bifurcate to a lateral-torsional deformed shape while the beam has already partial

ized. Table 3 shows the comparison between the critical bending moments obtaine

ically with or without considering the hardening modulus. The corresponding pos

(along the y-axis) of the transition between the elastic and plastic zones at the critic

t are also listed. In the case of perfect plasticity, the closed-form solutions (33) an

re employed, whereas in presence of hardening Equation (31) is solved numerically.

ngth Mcr (N.m) Transition (%) Mcr (N.m) Transition (%) Error (%)

mm) (ET = 0) c/h (ET = 0) (ET 6= 0) c/h (ET 6= 0) |MET=0
cr −MET 6=0

cr |
M

ET 6=0
cr

00 46783 11.77 48309 11.92 3.16
000 46484 18.15 47364 18.27 1.86
200 45976 25.57 46511 25.64 1.15
500 44755 37.86 45022 37.87 0.59
000 41668 58.34 41760 58.3 0.22
400 38739 72.61 38780 72.57 0.11
800 35817 84.49 35834 84.46 0.05
200 33094 94.21 33099 94.2 0.01

Table 3: Analytical critical bending moments of a beam with a rectangular cross-section

e length is varied in such a way that buckling always occurs in the elastoplastic regim

ith a plastic zone kept to a minimum (when L = 3200 mm) towards a beam almo

etely plasticized (when L = 800 mm). In all those conditions, the critical values a

to be roughly the same, regardless of the fact that hardening is considered or not in th

lation (even if a high hardening modulus has been retained). The maximum relati

eaches 3% only. Accordingly, the transitions between elastic and plastic regions at th

l point are found to be very similar, whether or not hardening is taken into accoun

ns that, in this configuration, the hardening modulus (as long as it is not excessive

has no particular influence on the elastoplastic lateral-torsional buckling. It is certain

the fact that an elastic zone always remains in the vicinity of the beam neutral ax
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in the case of a very short beam which is highly plasticized at the critical moment

has a major influence on the value of the buckling load. In such practical conditions,

that the closed-form solution for the elastoplastic lateral-torsional buckling mome

ry good estimation.

xt, the previous analytical values (considering ET = 0) are compared against th

ical results obtained using the shell finite element model (see Table 4). Again, th

e error between the critical bending moments does not exceed 4%. This outcome ful

tes the closed-form expression.

Length Mcr (N.m) Mcr (N.m) Error (%)

L (mm) (ET = 0) (FE) |MET=0
cr −MFE

cr |
MFE

cr

800 46783 48479 3.5
1000 46484 48349 3.86
1200 45976 45354 1.37
1500 44755 45284 1.17
2000 41668 41933 0.63
2400 38739 37987 1.98
2800 35817 34874 2.7
3200 33094 33206 0.34

4: Analytical and numerical critical bending moments of a beam with a rectangular cross-section

e same problem is finally solved using Abaqus and all the analytical and numeric

ns are plotted in Figure 5 for validation purposes. The commercial finite eleme

baqus does not offer the possibility to use branch-switching techniques and compu

ation values. Accordingly, only a maximum admissible moment can be estimated fro

uilibrium curve such as the one plotted in Figure 6. Despite this, and although a

imperfection has been introduced which degenerates the problem and the respon

the corresponding results are in good agreement with all the previous analytical an

ical solutions. Let us mention that the same transverse perturbation force of 200

een applied at mid-span in all cases. This probably explains the fact that the lim
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nt values are increasingly deviating downwards from the other buckling solutions

am is getting longer and thus more flexible. Another configuration resulting from th

ion of the thickness b to 15 mm has also been tested with Abaqus. With this thinn

section geometry, other failure modes are likely to occur in practice before the soug

l-torsional buckling mode. The use of shell elements here would then lead probably

ant results. Conversely, with the beam model in Abaqus, one still obtains consiste

s with respect to the analytical solutions. In Figure 7, only the analytical solutio

ut hardening are plotted together with the numerical results from Abaqus. The bea

is again varied within a certain range for which plasticity appears before the ons

kling. The comments made for the previous configuration apply to the current on

last results complete the validation of the analytical solution for this problem.

5: Comparison between analytical and numerical critical moments of a beam with a rectangul
ection - b = 20 mm

ternatively, the previous results can be displayed in a normalized graph plotting th

sionless critical lateral-torsional buckling moment χLT = Mcr/Mpl with respect to th
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6: Bending moment versus transverse displacement at mid-span for a beam with a rectangul
ection - L = 2000 mm

7: Comparison between analytical and numerical critical moments of a beam with a rectangul
ection - b = 15 mm

ponding slenderness ratio λLT =
√
Mel/M e

cr, where:

Mel is the first-yield moment corresponding to the onset of plasticity in the beam
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which is equal here to:

Mel =
2bh2σy

3
(3

Mpl is the maximum bending moment corresponding to the limit state of the beam

the case of perfect plasticity, which is equal here to:

Mpl = bh2σy =
3

2
Mel (4

the case of a rectangular cross-section and considering the above definitions, the rat

en the elastic and plastic moments is always Mel/Mpl = 2/3. Accordingly, one ca

s the following relationship between χLT and λLT (when considering that the influen

dening is negligible):

χLT =
2

3λ2
LT

√
a (4

a only depends on β = 4/λ4
LT (see Equations (33) and (34)) in elastoplasticity and

equal to 1 in elasticity.

gure 8 displays both elastic (Equation (27)) and elastoplastic (Equation (33) if n

ning is considered) analytical critical values in such a graph. Numerical finite eleme

s are also added to the same graph for comparison purposes (results from Abaqus a

isplayed in this figure since they do not really represent bifurcation values). It ca

n that for λLT > 1 (for long beams), the lateral-torsional buckling naturally happe

elastic range. Once λLT < 1 (for short beams), the elastoplastic critical value

y lower than the elastic one. It is shown that the critical moment Mcr barely excee

aximum bending moment Mpl, namely χLT is almost never higher than 1, since th

ning has no influence in this configuration.
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8: Normalized representation of the elastic/plastic lateral-torsional buckling moments of a beam wi
ngular cross-section

-beam

e second case of an I-beam is now considered. The dimensions of the reference cros

n are listed in Table 5. The web dimensions are similar to that of the previous rec

r cross-section whereas the flanges are a little less wider and thicker than the we

this configuration, several buckling mode types may arise (more than in the prev

nfiguration). Their order of appearance highly depends on the beam geometry. Th

of a more massive web, in comparison with the flanges, permits to avoid any local

sional buckling mode before the sought lateral-torsional buckling phenomenon occur

aterial parameters are the same as in the previous configuration (see Table 6), exce

rdening modulus which is set to a higher value in order to prevent any localization

deformations, especially in the flanges.

e beam is again modeled using shell finite elements with the appropriate thicknesse

ine of shell elements are employed to discretize the flanges whereas 6 elements a
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Length Web half-depth Web thickness Flange width Flange thickness
L (mm) h (mm) b (mm) w (mm) t (mm)

1000 100 20 80 12

Table 5: Geometric parameters

Young’s modulus Poisson’s ratio Hardening modulus Yield stress
E (MPa) ν (−) H (MPa) σy (MPa)

210000 0.3 5000 235

Table 6: Material properties

d for the web. For efficiency purposes, only 20 elements are finally used along th

length as shown in Figure 9 where a typical buckling mode is illustrated.

Figure 9: Deformed modal shape of the I-beam obtained with the shell FE model

e previous loading and boundary conditions are applied, but on the web only (th

s are neither fixed nor loaded).

veral numerical computations are performed considering beam lengths varying betwee

m and 1600 mm. For each case with such a cross-section, the beam is shown

ate to a lateral-torsional deformed shape after the onset of plasticity (in the flang
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portion of the web). Table 7 and Figure 10 show the comparison between the analytic

umerical critical bending moments (the analytical solutions are derived from Equatio

ncluding the effect of hardening). The corresponding positions (along the y-axis)

ansition between the elastic and plastic zones at the critical instant are also listed

7. Even if the critical values do not vary significantly, the transition at the critic

t moves from a highly plasticized configuration to a nearly entirely elastic web with

nge of lengths considered. These results fully validate the analytical solution.

Length Mcr (N.m) Transition (%) Mcr (N.m) Error (%)

L (mm) (analytical) c/h (FE) |Manalytical
cr −MFE

cr |
MFE

cr

800 96781 23.29 96286 0.51
1000 91732 41.04 91820 0.1
1200 87423 60.04 87550 0.15
1400 82911 78.14 83755 1.01
1600 78256 94.3 79789 1.92

: Influence of the beam length on the analytical and numerical critical bending moments of an I-bea

10: Comparison between analytical and numerical critical moments of an I-beam: influence of t
ength
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en, the reference length (L = 1000 mm) is considered and the yield stress is varie

h a way that the beam still yields partially before buckling. Analytical solutions a

red against numerical results (see Table 8 and Figure 11). In both cases, the analytic

umerical critical bending moments almost coincide with each other (with a maximu

e error of about 2%).

Yield stress Mcr (N.m) Transition (%) Mcr (N.m) Error (%)

σy (MPa) (analytical) c/h (FE) |Manalytical
cr −MFE

cr |
MFE

cr

150 66747 12 68328 2.31
200 81082 27.54 81861 0.95
250 96127 47.09 94524 1.7
300 109435 67.16 107375 1.92
350 120393 85.62 118193 1.86

: Influence of the yield stress on the analytical and numerical critical bending moments of an I-bea

11: Comparison between analytical and numerical critical moments of an I-beam: influence of t
ress

ce a very high value of hardening modulus has been selected here (so as to preve
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ndesirable local deformations), a further analysis is conducted using the beam form

in Abaqus and varying the hardening modulus within a range of values encountere

ctice. With the Abaqus beam model, no local mode is expected, which allows on

idate more easily the analytical solution for smaller hardening moduli. In this ne

uration, a transverse perturbation force of 500 N has been applied at mid-span

trigger the buckling phenomenon. Figure 12 displays the analytical and numeric

s corresponding to the reference length L = 1000 mm and yield stress σy = 235 MP

hardening modulus ranging between 500 MPa and 5000 MPa. Within this range,

rs that the hardening modulus has only a limited influence on the value of the critic

nt (it has been already checked that it has no influence on the critical moment of

with a rectangular cross-section). Nevertheless, the analytical and numerical critic

nts follow the same trends, despite the differences between the two analyses. The

sults complete the validation of the analytical solution for smaller hardening modu

12: Comparison between analytical and numerical critical moments of an I-beam: influence of t
ing modulus

ain, all the previous results are displayed in a single normalized graph plotting th
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sionless critical lateral-torsional buckling moment χLT = Mcr/Mpl as a function of th

rness ratio λLT =
√
Mel/M e

cr. Here, the elastic and plastic moments Mel and Mpl ta

llowing expressions:

Mel =
(

2
3
bh2 + 2wth

)
σy

Mpl = (bh2 + 2wth)σy

(4

contrast with the previous case, the critical bending moment of an elastic I-bea

es the warping inertia term. Instead of Equation (27), one must then use the followin

sion:

M e
cr =

π

L

√
GJEIy

√
1 +

π2EIω
L2GJ

(4

turns out to be the solution of Equation (24), in elasticity, after inserting the bucklin

expression (25).

gure 13 displays both elastic and elastoplastic (including hardening) analytical critic

in such a graph. Numerical finite element results are also added to the same graph f

rison purposes. The general trends observed before can be seen again. In contrast wi

evious case, the elastoplastic critical moment exceeds here the plastic moment (with

etween the elastoplastic critical moment and the plastic moment of about 1.2). Th

proves the more significant influence of hardening for the current configuration.

se, one can observe a gap between the elastic and elastoplastic curves. The maximu

of λLT considered in the previous calculations (around 0.6) corresponds to a relati

tion coordinate of 94.3 % (see Table 7). For higher values of λLT , namely between 0

, the buckling phenomenon still occurs in the elastoplastic range, but the plastic zon

critical time is likely to be reduced to only a portion of the flanges. This type

uration is disregarded here since it has not been handled in the theoretical analysis
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13: Normalized representation of the elastic/plastic lateral-torsional buckling moments of an I-bea

nclusions

this paper, an analytical study of the elastoplastic lateral-torsional buckling of pe

straight beams has been carried out. A general formulation has been developed wi

m of obtaining analytical solutions for the critical moments of elastoplastic beam

pure bending and undergoing lateral-torsional buckling. This formulation is base

3D elastoplastic bifurcation theory, which has been already applied successfully

se of elastoplastic Timoshenko beams under axial compression [24], two-layer beam

artial interaction [25, 26], or sandwich beams [27, 28] under axial compression/pu

ng, but also to the lateral buckling of offshore pipelines including twisting effects [29

present study, it is the first time that the formulation is used in the elastoplast

e considering bending loading conditions, in such a way that, at critical instant, th

is partially plasticized with a priori unknown elastic and plastic zones. The elast

buckling problem is solved in the framework of the J2 flow theory, assuming the vo

yield criterion and a linear isotropic hardening. Let us mention that the flow theo
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ving tangent moduli) was retained as it corresponds overall to a better option, whi

ly to give solutions in line with numerical finite element results. Nevertheless, it cou

eresting to replace the elastic shear modulus involved in the present formulation b

lastic value (as recommended in [5], for example), which would require further d

ents but could perhaps help achieving better solutions with regard to experiment

s. At the end, the resolution of the so-called bifurcation equation leads to differenti

ing equations which are first solved in general terms.

en, two particular cases are investigated, namely the case of a thin rectangular cros

n and the case of an I-beam. In the first case, it is shown that the hardening modul

most no influence on the buckling values, at least when using geometric and materi

eters relevant to practice. Under such conditions, the critical position of the transitio

en elastic and plastic zones along the thickness can be obtained as the positive root

th-order polynomial equation, and a closed-form solution can thus be derived for th

l bending moment. In the second case, the solution is more generally deduced from th

ical resolution of a sixth-order polynomial equation, including the effect of hardenin

h cases, the analytical solutions are validated by comparison against numerical fini

nt results obtained with an in-house shell finite element program. This finite eleme

an handle plasticity and finite transformations, and it is able to compute the ela

astic bifurcation loads during an incremental procedure thanks to branch-switchin

ds. Additional computations are performed using a beam finite element model o

s software, for completeness purposes. Analytical solutions are shown to be in ve

agreement with numerical results, as long as the same modes are naturally consi

the geometric and material parameters have been retained so that the lateral-torsion

ng happens in the first instance, before any other buckling phenomenon).

a conclusion, analytical (and possibly closed-form) solutions for the critical bendin

nts of lateral-torsional buckling of elastoplastic beams are likely to be achieved an
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ndix A. Solving a quartic equation

t us consider a quartic equation which takes the standard form:

x4 + ax3 + bx2 + cx+ d = 0 (A.

a, b, c and d are real. Equation (A.1) can be rewritten as follows:

(
x2 +

ax

2

)2

=

(
a2

4
− b
)
x2 − cx− d (A.
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adding
(
x2 + ax

2

)
y + y2

4
to both sides of the above equation, one obtains:

(
x2 +

ax

2
+
y

2

)2

=

(
a2

4
− b+ y

)
x2 −

(
c− ay

2

)
x+

y2

4
− d (A.

e objective is then to choose a value for y such that the right hand side of Equatio

becomes a perfect square. This can be done by letting the discriminant of the quadrat

on in x become zero, namely:

∆ =
(
c− ay

2

)2

− 4

(
a2

4
− b+ y

)(
y2

4
− d
)

= 0 (A.

is leads to a cubic equation with respect to y:

y3 − by2 + (ac− 4d)y − c2 − d(a2 − 4b) = 0 (A.

is well-known that a cubic equation can be analytically solved and has always at lea

al root, say y0. Consequently, Equation (A.3) can be rewritten as:

(
x2 +

ax

2
+
y0

2

)2

=

(
a2

4
− b+ y0

)(
x− c− ay0

2
a2

2
− 2b+ 2y0

)2

(A.

nally, the four roots (real and/or complex) of the quartic equation can be found b

g the two following quadratic equations for x:

x2 +
ax

2
+
y0

2
= ±

√
a2

4
− b+ y0

(
x− c− ay0

2
a2

2
− 2b+ 2y0

)
(A.
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