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Analytical and numerical simplified modeling of a single-lap joint
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Abstract

This paper is devoted to the theoretical modeling of the mechanical response of bonded structures and
particularly focuses on the single-lap joint which corresponds to the simplest and most fundamental bond-
ing configuration. Such a geometry brings into play all the features of any bonded assembly in terms of
mechanical response (stress/strain heterogeneities, singularities, adhesion at the interfaces, ...). It can es-
pecially be used to characterize the mechanical behavior of new adhesives within an assembly. In all cases,
an accurate description of the stress/strain distribution (specifically in the adhesive layer) is required both
for the calibration of an adhesive behavior and for dimensioning purposes. Accordingly, the present study
aims at developing a specific 1D enriched finite element devoted to the numerical modeling of single-lap
joints, especially of the overlap region. First, analytical solutions for a single-lap joint under tensile forces
are investigated in the framework of elasticity. They are particularly based on the choice of a 2D repre-
sentation of the adhesive layer with polynomial displacement fields in terms of the thickness coordinate.
Such a preliminary study allows one to identify optimally the appropriate kinematics for each layer (adhe-
sive but also substrates) and highlights the importance of non-linear terms in the polynomial expressions
of both longitudinal and transverse displacements within the adhesive. A three-layer finite element model
is then formulated for the overlap region, based on the retained kinematics, and involving an elastoplastic
constitutive law for the adhesive material. The numerical integration through the adhesive thickness and
the assembly of the three layers lead to the definition of a very low-cost 1D finite element, which provides
nevertheless a complete and accurate description of the stress fields, especially within the adhesive layer.
This new finite element (used simultaneously with a more classical beam finite element for the unbonded
parts of the adherends) is finally validated by comparison with 2D reference results computed using Abaqus
software.
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1. Introduction

The use of adhesive bonding for assembling structures brings many advantages when compared to other
conventional methods such as welding or riveting: it enables a simple and efficient assembly procedure while
avoiding any weight increase and limiting material damage. Therefore, structural bonding is increasingly
used in many industrial applications, especially in the automotive, naval and aeronautical fields. The single-
lap joint (SLJ) is certainly the most inherently fundamental bonded assembly. It represents the simplest
bonding configuration and, at the same time, brings into play all the features of any bonded assembly in
terms of mechanical response (stress/strain heterogeneities, singularities, adhesion at the interfaces, ...).
This configuration can especially be used to characterize the mechanical behavior of new adhesives within
an assembly, under various loadings and environmental factors such as humidity or temperature. In all
cases, an accurate description of the stress/strain distribution (specifically in the adhesive layer) is required
whether for the calibration of the adhesive behavior or for dimensioning purposes.

Therefore, SLJs have been the subject of many studies during the last decades, which most often aim at
identifying failure criteria for assemblies, based on more or less accurate stress estimations. For about eighty
years, numerous analytical and numerical models characterized by different levels of approximation have
been defined in the literature. Analytical models are generally limited to simple configurations and include
strong assumptions, such as an elastic behavior for both adhesive and substrates. Most of them are based on
Volkersen’s pioneering works [I] in which the adhesive layer is represented as a simple interface undergoing
a non-uniform shear distribution along the length (with higher values at both ends), between two rigid bars
only deforming in tension. Then, Goland and Reissner [2] considered the possible rotation of the adherends
and introduced the so-called edge moment factors related to the bending-tension coupling so as to take
into account the loading eccentricity. More recently, their model was extended by Mortensen and Thomsen
[3]. These authors represented the adhesive layer as a combination of shear and tension/compression spring
distributions and went further by analyzing the mechanical behavior of unbalanced SLJs, also including an
inelastic constitutive behavior for the adhesive layer. Besides, Stein et al. [4] relied on the same kinematics
in order to derive analytical solutions for functionally graded adhesive SLJs. In all the above-mentioned
models (and many others), the adhesive layer is supposed to be one-dimensional, so that the stress-free
condition at its ends is not respected and the evolution of stresses through the adhesive thickness cannot
be captured [5]. To overcome these limitations, quasi-2D and 2D models have been developed. Early on,
Allman [6] assumed a non constant peel stress along the thickness of the adhesive layer. Later, Zhao et
al. [7] derived closed-form expressions of stresses in adherends and adhesive, based on 2D elastic stress-
strain constitutive relations, and assumed that the peel stress varied linearly and the shear stress remained
constant throughout the adhesive thickness. However, in both previous works, the longitudinal normal stress

is totally neglected. Jiang et al. [§] thoroughly investigated the mechanical response of SLIJs, describing the



adhesive and adherends as three distinct layers separated by flexible interfaces. In their study, they combined
the use of Euler-Bernoulli/Timoshenko beams and the 2D elasticity theory, involving thus the three stress
components (shear, peel and longitudinal stresses) which were supposed to vary along the thickness of the
adhesive layer. Some of these authors [9] [T0] further analyzed the case of unbalanced composite SLJs and
derived new expressions for the stress fields and edge moment factors, in the context of large deformations.

Alternatively, owing to the numerous limitations of analytical models, many numerical models have
also been proposed for the analysis of SLJs. Most of numerical studies are based on 2D/3D standard
finite element models, which represent the SLJs in an explicit manner. For instance, Cognard et al. [I1]
analyzed the influence of various geometries of adhesive joints and corresponding edge effects on the stress
concentrations in SLJs for optimization purposes. On another note, Gongalves et al. [I2] developed a 3D
model of a SLJ, involving specific interface elements of zero thickness between the adherend and adhesive
layers. Such models are intended to capture at best the stress distributions within the adhesive layer, but
they quickly become far too time-consuming, especially when inverse identification is needed. The only way
to circumvent the computation cost of such 2D /3D models is to make use of simplified numerical approaches.
Several authors have already proposed some specific finite element formulations devoted to the analysis of
stresses in the adhesive layer of SLJs. As a pioneering numerical work on this subject, one can cite Lin and
Lin [13], who developed a simplified beam-like finite element formulation for any SLJ configuration (with
possibly non identical adherends), where the longitudinal and transverse displacements are supposed to vary
linearly through the adhesive thickness and the shear stress is constant accordingly (the longitudinal stress
being neglected in the adhesive layer). Later on, Tong and Sun [I4] investigated the mechanical behavior
of a bonded patch on a curved 3D structure. In their formulation, the structure and the patch are modeled
using a first-order thick shell theory, encompassing thus the transverse shear effects. Furthermore, only
the out-of-plane (peel and shear) stresses are considered in the adhesive layer and they are assumed to be
constant across the adhesive thickness.

One idea is to develop macro-elements with embedded analytical solutions and thus the concept of
exact stiffness matrix, allowing for a mesh-independent analysis (using only one such element for the entire
overlap region). In this sense, Paroissien et al. [I5] developed a 1D-bar and 1D-beam simplified model, in
which the adhesive mechanical response is represented by distributions of shear and/or transverse springs.
An elastoplastic adhesive material behavior is also introduced in these models, keeping the same previous
formulations. In a similar way, Stapleton et al. [I6] proposed an enriched macro-element based on the same
beam theory for the adherends and equivalent spring distributions for the adhesive layer, so as to analyze the
progressive failure of bonded joints. Some of these authors [I7] extended the model so as to investigate the
mechanical behavior of functionally graded adhesives. More recently, in order to better capture non-linear
effects due to the constitutive behavior or during cracking, they proposed the use of (i) adaptive shape
functions to comply with the case of geometric and/or material non-linearities, and (ii) an internal mesh
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adaptation so as to discretize the macro-element consistently with the partially cracked geometry [I8]. In
such models, the longitudinal stress is not included, and the shear and peel stresses are constant through
the adhesive thickness (they are determined by the relative horizontal and vertical displacements of upper
and lower adherend/adhesive interfaces, respectively). Indeed, the formulation of the enhanced element is
compelled by the need to obtain an analytical solution of the problem, and more enriched kinematics are
not eligible for such macro-elements. Moreover, the solution obtained in the adhesive layer depends on the
particular geometry of the problem in hand and could not be easily extrapolated to other configurations.
The present study aims at developing new original solutions for the mechanical analysis of SLJs. The
starting point is to enrich the kinematics within the adhesive layer so as to describe not only the shear
and peel stresses, but also the longitudinal one, and their variation along both the length and the thickness
of the adhesive joint. While the substrates are classically represented by Timoshenko beams, the adhesive
zone is thus defined here as a 2D continuous medium with a polynomial dependence of the displacement
fields with respect to the thickness coordinate. Unlike most previous models in the literature, such a model
is supposed to describe in an integrated manner the local stress fields which may all be useful for the
definition of any failure criterion, among other things. First, several analytical solutions are derived for a
SLJ under tension in the context of linear elasticity, and compared with each other in order to emphasize
the significant influence of non-linear terms in the kinematics on stress distributions. Then, a 1D three-layer
enriched finite element is developed, which is built by assembling the previous models identified for the three
layers and based on the optimal choice of polynomial orders for the description of the adhesive joint. An
elastoplastic constitutive behavior is also considered for the adhesive material, with the von Mises criterion
and an isotropic hardening. Finally, an original finite element program is elaborated, coupling the use of
this specific element for the overlap region and classical beam elements for the remaining parts of the SLJ.
All the present analytical and numerical solutions are compared to reference 2D numerical results obtained

through classical finite element computations using Abaqus software, for validation purposes.

2. Analytical modeling of a single-lap joint

2.1. Problem definition

Let us consider a SLJ made of two substrates separated (and perfectly bonded) by an adhesive layer in
the overlap area. The adherends are strictly identical, so that the problem is symmetric with respect to
the center of the adhesive zone. A 2D representation of the SLJ (in the xy-plane) is retained, assuming a
uniform depth ¢ (in the z-direction). The length of the overlap region (along the z-axis) is 2L,, whereas
the remaining length of each substrate is denoted by L (the origin z = 0 lies in the middle of the adhesive
joint, for the sake of symmetry). The thicknesses of the adhesive layer and the two adherends (along the
y-direction) are respectively 2h, and 2h, (see Figure [1f).
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Figure 1: Two-dimensional representation of the single-lap joint

Both adhesive and substrates are assumed to be made of homogeneous, isotropic and linearly elastic
materials, with Young’s moduli F; and Poisson’s ratios v; (i = a or s depending on whether adhesive or
substrates are concerned). The adhesive layer is modeled as a 2D continuous solid satisfying the plane

2Xatta

stress hypothesis. Consequently, the reduced moduli A, (= oW +2ua> and p, will be used in the subsequent

analysis (where A, and p, are the Lamé constants related to E, and v, by the standard relations A, =
uT'fﬂlﬁ_Tm and p, = 2(—1%:)) Conversely, the adherends are supposed to behave like Timoshenko beams,
since transverse shear effects may be non negligible in practice (Tsai et al. [I9] particularly showed the
importance of taking into consideration shear deformations in the adherends so as to properly describe the
shear distribution in the adhesive). Owing to these kinematic hypotheses, only the Young’s modulus E; and
the shear modulus G5 = ﬁ will be involved subsequently. Only small displacements and strains are

considered throughout the paper.

2.2. Theoretical formulation

In the sequel, the static response of the SLJ problem will be classically solved by means of the virtual

work principle, which generally writes:
Y dug, dup, du.  (KA), MWWint + Wert =0 (1)

where du,, dup and du. can be considered as kinematically admissible test functions or, more physically,
as the virtual variations of the unknown displacement fields u,, and u, and u., in the adhesive layer and
adherends, respectively.

On one side, both substrates are represented by Timoshenko beams. As far as the bending problem in
the zy-plane is concerned, the Timoshenko kinematics is defined by two scalar displacement fields w;(x) and
v;(x), respectively the longitudinal and transverse displacements of the centroid axis of the beam, and the
rotation of its cross-section 6;(x) about the z-axis (for ¢ = b or ¢, depending on the adherend considered).

The general displacement field of a current point of a substrate writes then in the orthonormal basis (e, e,):

ui(z) — ybi(x)
lli(CL', ) = (2)
Y v (x)



where y denotes the through-thickness position with respect to the centroid axis of the considered beam.
As a consequence, the strain and stress tensors, respectively denoted by €; and o; for each adherend

i = b, ¢, take the following form (in Voigt notation):

€ Uire —Y0irz
€; = Eiyy = 0
2€;y Vi —91'
(3)
U;x Es (uivz _yaiyx )
g; = O‘;y = O
O-_;l(;y G, (Uiaa: _92)

On the other side, the displacement field in the adhesive layer is defined through polynomial series in

terms of y-coordinate and takes thus the general following form in the orthonormal basis (e, e, ):

> o ui(2) Y’

?:0 vj(z) 3

(4)

u,(z,y) =

Several cases (couples of values of integers n and p) were investigated in practice. Only two cases are
discussed in this paper for conciseness purposes. The linear case (n = p = 1) is presented below, whereas
the main expressions for the quadratic case (n = p = 2) are reported in Therefore, considering

n = p =1 in Equation , the longitudinal and transverse displacement components simply become:

uo(z) + ur () y
u,(2,y) = (5)

vo(x) +vi(x) y
The plane stress hypothesis is adopted in the subsequent analytical developments, which is supposed to
reproduce at best the 3D behavior of a SLJ with relatively small lateral dimensions. The strain and stress

tensors in the adhesive layer can then be deduced as follows, involving the reduced moduli defined above:

€3z UQ,z TUL,z Y
Ca=9 fyy (T vl
25;3, U1 + Vo, +V1,2 Y
(6)
O (AL + 200) (U0, +u1,0 Y) + A1
Ta=19 0gy, (= Aa(Wosw Tu1,2y) + (A, + 2pa)v1
Oy o (U1 + V0,2 +01,2 Y)

The strains and stresses in Equations and @ allow one to express the internal virtual work of
Equation :
(SWint = - Z / 5€1TO'1dQ (7)
Q;

i=a,b,c
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where Q,, 2, and 2. represent the reference volumes of the adhesive layer and the two substrates, respec-
tively.
Besides, the SLJ is submitted to two symmetric tensile forces F' at the ends of each substrate, as seen in

Figure [Il The virtual work of these external forces limits itself to the following expression:
WWegt = —Fouc(—Ls — L) + Foup(Lg + L) (8)

After integration through the thickness of each layer, the virtual work principle takes the following
integral form:
Youy, dvy, 060y, due, dv., 00, dug, duq, dvg, dvy,
S5 (2B attens Bt 4220, 501 42K (s B0 +00, — v 5 — OB, )| el
+ f_Lza {()\; + 240) (2ha g, U, —&—@ul,w St ,e ) + Ny (2hav10U0 e +2Rato,e 6v1) + 2(N, + 210 ) hav1dv1
Fta(2haur0ur + 2hau1 00,0 20000 dU1 + 2RaV0 2 0V0 2 +¥v1,z 0V1 )} tdx
N {QEshsub,x Stpre + 2220, 60y +26G s (Ve 6V, +0500) — Vi 50 — Op60p )] tda
+Féuc(—Ls — L) — Foup(Lg + Ls) =0
(9)
At this stage, continuity conditions must be specified for the displacement fields at the interfaces between

the adhesive layer and the two substrates, namely:

Va €] — La, La|, Bo(®: ha) = a (7, ~ha) (10)
u.(x,—hs) =ug(z, he)
Inserting Equations and in Equation allows one to derive the following expressions for uy,
Vp, Ue and vg:
up = hsby + uo — hous
V2 €] — La, Lal, o =0 = vy (11)
Ue = —hgO. + ug + hauq
Ve = Vo + haV1
Accordingly, in Equation @D, these four displacement components as well as the corresponding virtual
quantities are replaced by the previous expressions in terms of the other displacement components ug, uq,
v, V1, 0y and 6.
Finally, the following set of differential equations of equilibrium can be deduced after integration by parts

of Equation @D with respect to x:

e Vo €] — Ly — Lo, —Ly:

2B hsul e =0
2kGshs(Vhyar =00 ) =0 (12)
2N 0L e +2kG (0], —0L) = 0
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o Vx €] — Ly, Lg|:

3
2E§hs by +2Esh§(h89baxx 0,00 —Ralsex ) + 2kGshs(—0p + V0,2 —haV1,0) = 0

2E§h§ acazx _2Esh§(_hsecaxm +u07mx +hau17mz ) + Qsths(_ac + Vo +havlvx ) - 0

2()‘:1 + zua)hauoww +2)‘:1havlm: +2Eshs(hseb;zx _hsecmz +2u0;wz ) =0

(Ao + 2%)@“1@; —tha(2hquy + 2hav0 .2 ) + 2Eshsha(—hsOp,en —hsOcrza +2hat1,00 ) =0 1
ta(2hat1,z +2Ra00 50 ) + 2kGshs(—0b,0 =0,z +2V0,05 ) =0
2N, hatio,e +2(N, + 21ta)havs — 1o 225010 —2kGhsha (B0 —0ers +2h4V1 100 ) = 0
o ¥z €]Lg, Lo + Ly|:
2Eshsup 0z =10
2kG shs (V] yaw —05 0 ) = 0 (14)
2N Gr e +25G b (V] —03) = 0

Equations and refer to the left part of adherend ¢ and right part of adherend b, respectively, and
superscripts o' and " have been added to the associated displacement components. Furthermore, Equation
(13) involves the three layers within the overlap region.

In the subsequent analysis, Equations will be solved together with the following boundary/continuity
conditions. Hereinafter, some kinematic (displacement) conditions are introduced when appropriate, and
the remaining natural (stress) conditions derive automatically from the previous integrations by parts.

First, the adherends are supposed to be simply-supported at both ends of the SLJ. It leads to the

following classical boundary conditions for beams:

e Foro =—L, — L,:

2B htul,, —F =0 (axial force)
vl =0 (no vertical displacement) (15)
2E§h§ 0L,.=0 (no bending moment)

e Forx =L, + L,:
2Ehstul .. —F =0 (axial force)
v =0 (no vertical displacement) (16)
2E§ U 0p,:=0 (no bending moment)

Next, at both connections between the substrates and the overlap region, the continuity of displacements
must be satisfied, which can be expressed as follows:
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e Forx = —L,:

e Forx = L,:

v, = Vg + hav1 (17)

uy = hg0y + ug — houy
(18)

vy = vy — hqt1

o7 =0,

The remaining natural conditions stand for the continuity of resultant stresses along the substrates and

the free boundaries of the adhesive layer at both sides:

e Forx = —L,:

e For x = L,:

2E n3 (6!

cr

400,y ) + 2Eh2(—ul p +ug,e +hotr,e ) =0
SE % Gy e +2E5h2 (0,0 —hattr g ) = 0

(X + 2Ma)hau0aa: 20 hav1 + 2Eshs(hsOp,w —hsOen —ul,r +2ug,s ) = 0
(N, + 20a) 222 w1 +2Eshsha(—hobhe —hsbeys —ubys +2hqui,e ) =0
11a(2haur + 2havo,z ) + 2kG shs(—0y — Oc + 0 — vl +2v0,, ) = 0
Na%vl,x +2kG shshg (O — 0. + 0L — vl +2h,v1,, ) = 0

%(401% 05,2 ) + 2E.h2 (—up,z +u0,e —hatia,e ) =0

BB e —2E B2 (ugs +hatine ) = 0

2(A, + 2ua)h U0re 42N, havy + 2B g (hsbyye —hslere —tf 0 +2u0, ) = 0
(N, + 2p0) 2 21yp +2Bshsha(—haOpre —habes Ul e +2hati1,0 ) = 0
fa(2haur + 2havo,s ) + 2kGshs(—0y — Oc + 0 — v}z +2v0,0 ) = 0

fra 2y +2kGohoha(0 — O — 0] + V] 1x +2havy ) = 0

2.3. Solution procedure

The differential equations above are solved sequentially in the following way. First, Equations and
are solved for adherend ¢ and b respectively, together with boundary conditions and . The



solutions are as follows:

ulc = 2E}:h r — C1

vb = ¢ [(=2L2 + (22 — 4Ls)La + 2® + 2Ly — 2L2) ¢ + 6c3] (x + Lo + L)

0L = so [3kG. (x(x + 2La + 2Ls)c2 + 2¢3) + 2Eh2co] (21)
up = ﬁx +c

v = % [(—ZLZ — 2z +4L,)L, + 22 — 2xL, — 2L§) co + 603] (x — Lg — L)

0y = ﬁ [3st (x(z — 2Ly — 2Lg)ca + 2¢3) + 2E3h362]

Owing to the symmetry of the problem, the same three constants c1, c3 and c3 have been introduced for
the two substrates. These constants will be determined along with the other ones after solving the remaining
differential equations.

Equation can be recast so as to eliminate the rotation fields 8, and 6.. This gives rise to two sets of
two differential equations, the first in terms of ug and vy, and the second involving u; and vg. The general

(symmetric) solutions of these equations write:

VOEkG o/ (N, +2pa)hE+6Eshsh2+12E.h2h,+8E h3x
u1:k1+k2m2+kgcosh( a/( a) >

2h VB lta/ZRC hoa F o ar/3Eshe +2(N, + 2110 ) hg

(22)
: VBEGfia\/ (N, + 2110 ) B3 +6 B hoh2 +12E,h2ho+8E, h3
vo = kjx + kha® + kj sinh pra/ Q2410 )0 at shat85sh,T
20 VEhaV2EG s haFiahar/3Eshe+2(N, +2410) ha
and:
ug = ki x + kY cosh(az) sin(Bz) + k% sinh(ax) cos(Bz) (23)

vy = kY + kY cosh(ax) cos(Bx) + kY’ sinh(ax) sin(Sx)

where « and [ are respectively the real and imaginary parts of:

E= (BkGspa(N, + 2uq)h3 + 6kG Espahsh2 4+ ((—36kGs + 481a) X, + 4812) Eh?ha + 6E2(N, 4 2p1q)h3
=3 (4(N, + 20a)2E2RS — BE3(N, + 2p0) [kGispiaha + (—8pa(N, + pta) + 6kGs(2kGs + N,)) hs]
HAE? [K2G22h2 — kGt (20pa(N, + p1a) + N, (12KG + TN,)) haha
4 (46@(2& F pta) + p2(60K2G2 + 24k G N, — 1602) + 12kG s N, p1a (5K Gy + 2N, ) + 3k2G§A;2) hg] h?
+4kGEgpia(Ny + 210) (kGspiah? — 2(3kG A, + 4p1a (N, + pa))hsha — 96kG (N, + pa)h2) hshd

1
FR2GZ2 (N, + 2%)%2)%) "/ (2 VERavORG Ry T fraha/ Bl + 200, + 2410 ha

(24)

The coefficients k;, ki, ki, k" (i = 1,2,3) are constant values which can all be expressed in terms of
only 6 independent parameters. Finally, when considering also the constants introduced in Equation ,
9 unknown factors remain, which can be deduced from the conditions and (or and by

symmetry) as the solution of a linear algebraic equation system.
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3. Validation and discussion

3.1. Numerical simulation using Abaqus

Two-dimensional numerical finite element computations have been performed using Abaqus software,
in order to compare the previous different analytical solutions to reference numerical results. For this
purpose, the 2D geometry of Figure [I] is again considered. Both adhesive and substrates are represented
by a 2D continuous solid satisfying the plane stress condition, according to the similar assumption made
in the previous formulation. The finite element mesh is made up of 8-node quadrangular elements with
reduced integration. After a few preliminary convergence analyses, the same mesh is retained for all the
subsequent calculations, displaying 200 elements along the overlap length, 100 elements along the length of
the remaining part of each substrate, 20 elements in the thickness of the adhesive layer and 10 elements
in the thickness of each adherend. The boundary conditions are consistent with the ones described in
the theoretical formulation. At both sides of the SLJ, the point figuring the end of the centroid axis of
each substrate is fixed in the transverse direction so as to reflect the simple support conditions at best.

Furthermore, the axial forces are uniformly distributed on the corresponding edges.

3.2. Comparison between analytical and numerical solutions

Many computations have been performed, varying the geometric and material parameters, so as to
explore the relative validity of the different analytical solutions (obtained with various polynomial orders
in the kinematics). The same observations have been made in all cases, particularly for a large range
of thickness ratio (between adhesive and adherends) and thickness-to-length ratio (of the adhesive layer).
Hence, for conciseness purposes, a single geometric and material configuration will be investigated in all the
subsequent analyses, which is intended to reproduce the typical trends of such a problem. The geometric

and material parameters considered are listed in Tables 1 and 2, respectively.

Ls (mm) | Ly (mm) | hs (mm) | hy (mm) | t (mm)

75 12.5 1 0.2 25

Table 1: Geometric parameters

E; (MPa) | E, (MPa) | vs Vq
210000 6500 0.3 | 0.36

Table 2: Material properties [20]

11



In the analytical formulation, a first-order shear theory is used for the description of the substrates, and a
shear correction factor of 5/6 is assigned to them, as classically done for rectangular cross-sections. Finally,
an arbitrary force of 5000 N is applied at both ends of the SLJ.

In Figures 2| and [3] different stress profiles are plotted along the overlap length, for validation purposes.
Figure [2| displays the longitudinal (o, ), peel/transverse (oy,) and shear (o,,) stresses along the centroid

axis of the adhesive layer, whereas Figure [3] plots the same stresses at the upper interface between adhesive

and adherend, within the adhesive zone.
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Figure 2: Comparison of analytical and numerical stresses along the mid-line of the adhesive layer

In each case, three curves are represented: two analytical curves with the linear (n = p = 1) and quadratic

(n = p = 2) kinematics, respectively, and one numerical curve related to the 2D finite element computations.
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Figure 3: Comparison of analytical and numerical stresses along the upper interface

3.8. Analysis and discussion

In both figures [2] and [3] all the results are quite in a good agreement in a large central portion of the
curves. It means that, broadly speaking, both kinematics (even the linear one) are capable to reproduce
the real (2D) mechanical response of the SLJ under axial tensile forces. However, on closer inspection, one
realizes that the “linear” and “quadratic” solutions really differ from each other at both ends. The curves
corresponding to the quadratic model are almost similar to the numerical ones. Only slight differences
appear: they are due to significant stress variations which are especially encountered near the singularity
at the corner (at the left end of the upper interface), see Figure b); substantial relative differences are
also pointed out when stresses theoretically tend to zero (at both free ends), since in the analytical model,

this boundary condition is only taken into account in an average sense (see Figure a) and Figure c))

13



Conversely, the “linear” analytical solution does not display the same trends as in the numerical results.
The strong variations at one or both ends in almost every stress profile are never observed with this simple
model.

All these observations show the importance of non-linear terms in the kinematics description for dimen-
sioning purposes. Indeed, the highest stress levels are generally encountered at the ends of the adhesive
joint and the failure initiation is supposed to occur there, whatever the retained criterion. It is thus neces-
sary to estimate accurately the stress distributions even to the extremities. In practice, a quadratic/cubic
approximation (for the longitudinal/transverse displacement fields, respectively) turns out to be the best
compromise concerning the choice of kinematics for the adhesive layer. In the next section, a specific three-
layer 1D finite element is developed so as to deal with more complex geometric, material and/or loading
configurations. It is specially based on the same polynomial kinematics in the adhesive layer as used in the

previous analytical study, including a fortiori non-linear terms.

4. An enriched 1D finite element for the analysis of single-lap joints

Thereafter, the mechanical behavior of a SLJ is investigated from a numerical point of view, in order to
deal more easily with other non-linear constitutive laws, various loading and boundary conditions and, in
the longer term, with more general geometric configurations. For obvious efficiency purposes, it is decided
to develop a 1D enriched finite element for the three-layer assembly on the basis of what was done before
in the preliminary analytical study. An original “SLJ” finite element model is then built, which consists in
such enriched elements together with classical beam elements for the unbonded parts of the substrates (see

Figure [4)).

Enriched
F Beam elements elements Beam elements F
Le 2L, Ls

Figure 4: One-dimensional finite element model of the single-lap joint

4.1. Kinematics and constitutive laws

The same geometric and material configuration is considered, as in the previous analytical section, and
the same notations are used (see Figure [1)). The adherends b and ¢ are still represented by Timoshenko

beams accounting for transverse shear effects, and the associated displacement and strain fields are thus

14



given by Equations and 7 respectively. In the general case of an isotropic linear elastic material, the

stress-strain relation in the adherends can be expressed as follows:
o; = Lseg; (i=1b,c) (25)

so as to introduce the elastic constitutive operator Ly for later use:

E, 0 0
Li=| 0 0 0 (26)
0 0 G,

The adhesive layer a is described using enriched 2D kinematics. Both longitudinal and transverse dis-
placement fields are represented by polynomial functions of the thickness coordinate. Thanks to the previous
analysis, the optimal choice of quadratic longitudinal (n = 2) and cubic transverse (p = 3) displacements
is retained, which results in a proper representation of the through-thickness distribution of strain/stress

fields. The final displacement fields write then:

o (2,1) = ug(z) +ur(x) y +uz(z) y (27)
vo(2) + v1(x) y + v2(x) ¥ + vs(z) ¥*

From Equation , one can define the strain field as follows:

El:iz U,z +u17:E Y + U2,z y2
€q = ggy = v1 + 200y + 3v3y2 (28)
2eg, Uy + 2y + V0,3 +0150 Y + V2,2 Y2 + V3.0 Y°

In further numerical analyses, the adhesive material will be considered either elastic or elastoplastic. In

elasticity, the stress field is expressed here through the constitutive operator L,, similarly to Equation :

o, =L,e, (29)

Only the plane stress condition will be investigated below. Under such an assumption, the following

expression holds for the elasticity matrix:

N+ 24 AL 0
La = Ag )\; + 2,LLa 0 (30)
0 0 Lo

In the plastic regime, the J; flow theory is adopted and the plastic threshold of the adhesive material is
defined by the von Mises yield function with a linear isotropic hardening. The classical expression of this

criterion in a 3D framework is slightly transformed here so as to fulfill the 2D plane stress condition:

1 1 .
flog, A) = iagPaa — g(az + A)? (with A = H,p) (31)
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where P is the deviatoric operator, p is the equivalent plastic strain, and oy and H, stand for the initial
yield stress and the (constant) hardening modulus of the adhesive material, respectively.
The strain vector €, may be split additively into its elastic and plastic parts:
€q =€ + € (32)

Then, the associated flow rule is derived from the yield function, according to the generalized standard

materials theory, giving rise to the plastic strain rate:

. of .
P = A = APo,
154 o o (33)
where the plastic multiplier A is related to the equivalent plastic strain rate by:
.2
p=A gaaTPa'a (34)

The polynomial coefficients ug(z), ui(x), us(x), vo(x), vi(x), va(z), vs(x), together with up(x), uc(x),
vp(x), ve(x), Op(x), O.(x), are the unknowns of the problem, which only depend on the longitudinal position
x and will be further discretized in order to define the desired 1D finite element model.

In the overlap region, the substrates are presumed to be perfectly bonded to the adhesive layer, what
enables one to write the following relations accounting for the continuity of the displacements at the top

and bottom interfaces:

e at the upper adherend/adhesive interface:

e + hsfe = ug + hour + h2u
u(w, ~hy) = a(z,ha) = O e et (35)
Ve = Vo + hav1 + h2vg + h3v3
e at the lower adherend/adhesive interface:

up — hsbp = ug — hou +h§u
wy(z, hs) = uu(z, —hy) = b b 0 ! 2 (36)
vp = Vg — hgqv1 + hg’l)g — hgv;;

Taking into consideration the aforementioned displacement continuity constraints, one can rewrite uy,
u1, vg and vy in terms of the remaining variables in the following way:
Uy = %(uc +up + hsBe — hsOp) — h2us
up = }1“1 (ue — up + hsbe + hsbyp)

(37)

vo = (Ve +vp) — h2vg

NI= o

v = i(vc —vp) — h2vs
reducing thus the total number of fundamental kinematic unknowns to 9 for the description of the three-layer
assembly which will be further discretized along the longitudinal direction. These primary unknowns can

be brought together in a unique vector as follows:

d(z) = (up ue vy Ve Oy 0, up vy v3)" (38)
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4.2. Numerical implementation

4.2.1. Weak formulation
The numerical discretization of the problem is further derived from the virtual work principle. The

following equilibrium relation holds for any kinematically admissible displacement variation du:
OWint(6u) + 6 Weyi(0u) =0 (39)

On one hand, the virtual work of the internal forces §W,,; for the whole structure takes the following

form:

5Wint = - Zi:a,b,c fﬂi (56?0’1(‘19
- _ f—_LL:—La (filhs 6scTa'cdy) dx
JE (10 sty + [ seloudy + [' beloudy) da
Lo+Ls (ffh 5stabdy) dz

(40)

-
Let us focus again on the overlap zone and introduce the following vector of generalized displacements
(where functions ug, u1, vg and vy and their derivatives have been discarded since, due to the continuity

conditions, they represent auxiliary variables which depend on the key variables of Equation ):
(@) = (Up Ue Upyz Uerw Vb Ve Vhyz Vers O Oc sz Oerw Us Unyy V2 Vo 3 V300 ) (41)
and the matrices H,, H, and H. (whose non-zero components are reported in such that:
e; = Hiq (i=a,b,c) (42)

The internal virtual work within the three-layer region can then be rewritten in the following form:

MWint = — /LLQ </}; oq"H L H qdy + /}; sqTHI L,Hyqdy + /}: 5qTH§O'ady> dx (43)

Similar expressions can be written for the unbonded parts of the substrates by defining new vectors

of generalized displacements q, and q., containing only the three displacement components (and their
derivatives) related to the adherends b and ¢, respectively.

On the other hand, the external virtual work dW,,; relates to the external loads applied to the SLJ. The

only applied forces that will be considered in the sequel are localized at the two ends of the SLJ, and §W, .

can thus be written as follows:
MWewt = 0L (—Ls — La)®. + 6qf (Ly + Ls)®y, (44)

®, and P, represent vectors of generalized forces. In the present case of tensile forces, the first com-
ponents of @, and ®. (associated with the longitudinal displacements wu; and u.) are equal to F and —F,
respectively. All the remaining components are zero.
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4.2.2. Finite element discretization
The problem is now discretized using 3-node isoparametric elements with quadratic shape functions.
Within a 1D given finite element e in the overlap region, all the components of vector d are interpolated
in the same way, introducing the elementary nodal displacement vector D¢ composed of the 27 degrees of

freedom of the given element and the associated interpolation matrix N consisting of shape functions:
d = ND° (45)

T
with D¢ = <D‘iT DST D§T> , where DS = d(z;) = (up ue vp ve Op 0 us vo v;;)? contains the 9 degrees of
freedom of the i-th node of element e.
Finally, the generalized displacement vector q may be expressed in terms of d (by means of a transfor-

mation matrix T including differential operators) and subsequently in terms of D° as follows:
q=Td = TND® £ GD* (46)

According to all these definitions, Equation can be rewritten in the following discretized form:

h h h

s s a Le
B'L,B.dyD° + / B! L,B,dyD® + / Bfaady> - d¢

hs

1 :
5Wint:Z5 fnt:_Z/ oD° (/
- - 1 — —hg —hq
(47)
where:

Bi = HZG (’L = a, b, C) (48)

It should be mentioned that the integrations with respect to the y-coordinate are performed analytically
through the thickness of the adherends (introducing a shear correction factor of 5/6 in the resulting shear
quantities, as for homogeneous beams, according to the Timoshenko beam theory), while numerical integra-
tions using Gaussian quadratures are carried out through the thickness of the adhesive layer, as it involves
more complex kinematics and, above all, possible material non-linearities. Besides, the integration over a
real element is replaced by the integration over the reference element, by means of the following variable
change: dx = %dﬁ (Le being the elementary length). A numerical integration scheme (using also Gaussian
points) is classically employed for the calculation of integrals in the longitudinal direction.

Equation can also be truncated to the displacement components of adherend b or ¢, so as to express
the generalized displacement vector in each separated substrate as a function of the corresponding displace-
ment fields and finally in terms of the proper degrees of freedom (using the same interpolation functions for
the considered components). Then, the total internal virtual work can be expressed as in Equation ,
with supplementary terms which will not be further detailed, as they refer to classical Timoshenko beam
finite elements. Likewise, the external virtual work can be expressed in terms of the appropriate degrees of

freedom.
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After assembling along the SLJ over all the finite elements (enriched three-layer elements for the overlap
region and classical beam elements for the unbonded parts), one can express the discretized equilibrium

equations in the following concise form:
RD)=¥(D)-F=0 (49)

where R represents the residual vector, ¥ and F standing for the global internal and external force vectors,

respectively, associated to the global nodal displacement vector D.

4.2.8. Solution procedure

Owing to the elastoplastic constitutive law assumed for the adhesive material, the stress vector o, in
Equation cannot be linearly expressed in terms of the degrees of freedom. Consequently, the equation
system is non-linear and will be solved incrementally, using the iterative Newton-Raphson procedure.
For each loading increment, at current iteration i + 1, the nodal displacement vector is updated as follows:

OR(D)
oD

-1
DU+ —=p® 4 ( ) R(DY) (50)
D=D()

—1
Kz

In Equation , R(D(i)) represents the residual force vector at iteration i, which must converge towards

zero. This iterative procedure requires the computation of the structural tangent stiffness matrix:

which depends on the consistent tangent operator, deriving itself from the local integration of the constitutive
laws, among other things.

The derivation of internal forces within the overlap region necessitates numerical integration through the
adhesive thickness and, at each Gaussian point, the stresses o, are evaluated by a local iterative integration
procedure of the elastoplastic constitutive equations, using an implicit Euler scheme and a return mapping
algorithm compliant with the assumed plane stress condition, as described in [21] and explained below.

The evolution laws (Equations and ) are first discretized with respect to time:

(sg)n-&-l = (eg)n + AAP(Ua)n-H
Pt = Do+ AN/ 2(00)T P00

Given the displacements (and thus the total deformation state (€,)n+1 at each integration point) at

(52)

current time increment, the problem consists in updating the new stress and plastic strain states ((04)n+1,
(eP)p+1 and pp41) from the previous states (at time increment n) and determining the consistent tangent
elastoplastic operator (L&), 11 at the same time. In a first step, a trial elastic prediction is performed as

follows:
oy =La((€a)nt1 — (})n)

p¥ =p,

(53)
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Either the yield criterion is verified (f < 0), in which case the updated stress state is the trial state,
the plastic quantities are unchanged and the tangent operator is purely elastic, or a second step of plastic
correction is needed. In the latter case, the increment of plastic multiplier AA is obtained first by solving

the following yield condition (at time increment n + 1), using a local Newton-Raphson iterative procedure:
1 T 1 a 2
f= §(Ua)n+1P(0'a)n+l - g(ay + A(pn+1)) (54)

where:
(0a)ns1 = T(ANL, o with: T(AA) = (L, ' + AAP) ™!

Dn+1 = Pn + AA\/%(UG)ZJ,-IP(UG)THJ

It then remains to update the plastic strain vector as in Equation , and the consistent tangent

(55)

operator (to be used in the computation of the tangent stiffness matrix) can be finally expressed as a

function of the consistency parameter AA [22]:

ep . 00 a)nt1 o B (F(AA)P(Ua)n+1)(F(AA)P(Ua)n-H)T
(L1 = Ea)nt1 T(AA) (0a)T  PTT(ANP(00)ns1 + B (56)
where:
_ 2H, T p
B= m(ﬂa)nﬂ (Ga)nt1 (57)

5. Numerical results and validation

5.1. Numerical models

The previous finite element formulation has been implemented in a home-made Matlab program. This
code combines the use of 1D enriched three-layer elements, as originally developed in this study, and standard
Timoshenko beam elements, and is thus devoted to the analysis of arbitrary assemblies of beams with
possibly several bonded regions and arbitrary geometric and loading configurations. In this paper, it is used
to analyze the mechanical response of a SLJ under tensile forces. The geometric and material configuration
is the same as already used in the analytical part (see Tables 1 and 2). In addition to the elastic properties
of the adhesive material, one must specify here the yield stress oy = 12 M Pa and the hardening modulus
H, = 100 M Pa to be used in case of plasticity. The boundary conditions are consistent with the ones already
applied in the analytical solution and in the 2D numerical computations: the transverse displacements of
both ends of the SLJ (namely v.(—Ls — Lg) and vy(L, + Ls) are set to zero). After a short convergence
analysis, a final mesh of 100 elements for the overlap zone and 50 elements for each unbonded substrate is
retained in the subsequent computations involving the 1D finite element model. Besides, 5 Gaussian points
are used both in the thickness direction of the adhesive layer and in the length of each 1D finite element for

the numerical integration.
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For validation purposes, 2D numerical finite element computations are performed again using Abaqus
software, with the same modeling parameters as before, in both cases of an elastic and elastoplastic behavior
of the adhesive material.

Again, a few parametric analyses have been performed in this study, which will not be presented in the
current paper for conciseness purposes, since in all practical cases, similar significant features were observed

and the same conclusions were drawn.

5.2. Elastic adhesive material

In elasticity, a tensile force of 5000 N is applied at both ends, as in the previous analytical study. For
illustration purposes, the general deformed shape of the SLIJ is displayed in Figure [5| (with a magnified
deformation scale factor). Then, the different stresses are extrapolated all over the adhesive surface and
plotted again along the centroid axis of the adhesive layer and at the upper interface between adhesive and

substrate (see Figures [6] and [7)).

Figure 5: Deformed shape of the single-lap joint under tensile loading

The results show a perfect agreement between both simplified and standard models, particularly near
the interfaces at the ends of the overlap region in the vicinity of singularities (where asymptotic curves are
obtained). Again, contrary to classical analytical or even simplified numerical models in the literature, the
present numerical tool allows one to evaluate the longitudinal stress through out the adhesive joint with a
very good accuracy. This stress turns out to be non negligible when compared to the other stresses and its
contribution to a given equivalent stress or failure criterion may not be incidental. For instance, along the
centroid axis of the adhesive layer (see Figure @7 the maximum longitudinal stress attains one third and
almost one half of the maximum peel and shear stresses, respectively. Along the upper interface (see Figure
, the longitudinal stress is quite at the same level than the shear stress.

Many more configurations have been investigated in practice, for which similar results were obtained,
with always a very good accordance between the 1D and 2D models, even in the case of non-symmetric SLJs
which can be easily handled by the simplified numerical approach. No parametric analysis is thus performed
here, for clarity purposes.
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Figure 6: Comparison between 1D and 2D numerical stresses along the mid-line of the adhesive layer (elasticity)

5.3. Elastoplastic adhesive material

In a second phase, the adhesive material is supposed to be elastoplastic. A tensile force of 2500 N is
applied at both ends, so as to partially plastify the adhesive joint. For illustration purposes, the different
stress distributions are represented in Figure [8] with a particular focus on substrates, which allows one to
identify the extreme zones where plasticity arises in the adhesive material.

Furthermore, the same curves are plotted as in the previous elastic case, namely the evolution of the
different stress components along the adhesive length at the centroid axis of the adhesive layer and at the
upper interface between adhesive and substrate (see Figures |§| and . A very good general agreement is
still achieved between the two approaches, with almost the same accuracy as in the elastic case. It shows
the relevance of the new 1D model, even in the more complex elastoplastic case, although the kinematics
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were initially optimized in a pure linear elastic context. Let us mention that, again, the longitudinal stresses
are of the same order of magnitude than the other ones.

All these results prove that the present numerical formulation is capable of capturing very accurately all
the displacement fields and thus all the strain and stress fields inside the adhesive layer, contrary to more
classical models with more approximate kinematics. In both elastic and elastoplastic cases, a perfect match
is reached between 1D and 2D solutions throughout most of the surface. The concordance is just a little bit
less pronounced, as soon as one gets closer to the ends of the adhesive zone. This numerical tool realizes
thus a good compromise between accuracy, completeness and computational cost, and is likely to address

many other geometric, material or loading configurations, with reasonable changes, and therefore to deal
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Plastic zones

Figure 8: Stress components in the substrates for an elastoplastic adhesive material

efficiently with the mechanical analysis of any thin bonded structures.

6. Conclusions

The problem of a SLJ under tensile forces is investigated in this paper both analytically and numerically.
The novelty of this work is based upon the choice of non-linear polynomial longitudinal and transverse
displacement fields in the adhesive thickness direction, which allows one to describe with a good accuracy
the peel and shear stresses as well as the longitudinal stresses all over the adhesive surface, in a 2D frame-
work. The preliminary analytical study enables one to highlight the significance of non-linear terms in the
polynomial developments of the kinematics, giving rise to an optimal choice of the polynomial orders. With
such hypotheses, a 1D three-layer finite element is then developed. The two identical substrates are repre-
sented by elastic Timoshenko beams, including possible transverse shear effects in such a way that there is
no particular restriction on their thickness, whereas the adhesive material is supposed to be elastoplastic.
The problem of SLJ is then modeled using such enriched finite elements (displaying 9 degrees of freedom
per node) in the overlap region and classical Timoshenko beam elements in the remaining parts. The lon-
gitudinal discretization of the displacement fields relies on quadratic shape functions, giving rise to 3-node
elements. All the analytical and numerical computations are performed under the plane stress assumption,
but can easily be generalized to the plane strain case, if needed.

The analytical and numerical results derived from this computationally efficient 1D formulation are
compared to 2D finite element reference results obtained using Abaqus software, for validation purposes.
The results are in very good agreement, in both cases of an elastic and elastoplastic adhesive material. These
accurate results are obtained very efficiently thanks to a rigorous description of the deformation field in the

adhesive layer, in both present analytical and numerical modeling approaches. The stress distributions are
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Figure 9: Comparison between 1D and 2D numerical stresses along the mid-line of the adhesive layer (elastoplasticity)

particularly reproduced in a robust and efficient way with a very good accuracy (once the appropriate order
of kinematics is used), even in the vicinity of singularities, near the ends of the interfaces between adhesive
and adherends. All these results show the utmost importance of non-linear terms in the displacement fields,
which are crucial for an appropriate description of the stress variations through the thickness. Regarding the
computational cost, the present 1D finite element is undoubtedly more time-consuming than other simple
models based on spring distributions or beam formulations for the representation of the adhesive layer.
However, it remains far computationally-inexpensive when compared to full 2D finite elements.

This 1D finite element model is prone to be used in more general configurations with different geometries
and loading/boundary conditions, as long as beam-columns are involved and a three-layer representation

(substrate/adhesive/substrate) for the overlap regions is appropriate. Such a model can also be extrapo-
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Figure 10: Comparison between 1D and 2D numerical stresses along the upper interface (elastoplasticity)

lated to other constitutive laws. The generalization of the present finite element to the context of finite
transformations is part of the short-term objectives. The introduction of inertial effects and/or geometric
non-linearities will make it possible to deal further with (non-linear) dynamic problems or instabilities, re-
spectively. What is more, special attention should be paid to the mechanical (and failure) behavior of the
interfaces between adherends and adhesive, introducing appropriate cohesive models. More generally, the
present model enables one to investigate further even the cohesive failure of adhesive joints in a straightfor-

ward and rigorous integrated way, considering the adhesive layer like a thick enriched cohesive zone.
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Appendix A. Analytical expressions in the case of second-order kinematics in the adhesive layer

The analytical formulation of the problem is recalled here, but considering henceforth second-order
kinematics in the adhesive layer. The same notations are used as before.
The kinematics are thus unchanged in the adherends and take the new following quadratic expressions

in the adhesive:

uo(x) + uq(x us(z) y?
n(y) = o(x) +ur(z) y + uz(x) y (A1)
vo(x) +v1(x) y + va(z) 2

The corresponding strain and stress tensors become then:

€2z U,z +ULe Y + U2y Y
€q = szy = v1 + 2uy
28, uy + 2ugy + Vo,a +01, Y + V2,0 Y
(A.2)
ol, (N + 200) (U0 sz +Ut 40 Y + U2,z Y2) + AL (01 + 202y)
Oa=19 ot 0 =19 A(toe Tu1,0y + U2, y?) + (N, + 2pa) (V1 + 202y)
Oy fra (U1 + 2Ugy + V0,0 +V1,0 Y + V2,0 Y?)

The displacement continuity conditions at the interfaces between adhesive and substrates lead here to

the following relations:

up = hsbp + ug — haur + h2us
vp = vy — hav1 + h2v

V1 €] — La, La|, b0 Telt et (A.3)
Ue = —hsOe + ug + hauy + h2usy

Ve = Vo + hqvy + hgvg

Finally, the differential equilibrium equations are obtained:

o Vo€l — Ly — Lo, —Lg|:

2Eshsul e =0
2kGshs(Vhar =00 ) =0 (A.4)
2N 0L e +2kG (0], —0L) = 0
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o Vx €] — Ly, Lg|:

3
2E§hs ob;zz +2Eshz(h59bwz +UOaxz _haula:cr +h§u2vmx ) + 2kC;shs(_ob + V0,z _havlam +h3’02,m ) =0

2Eh? 2 2 2
Tbecmw _2Eshs(_hsec;zz +u07za: +hau1m::r +hau27:rz ) + 2sths(_ec + V0, +haU1;:c +hav27z ) =0
(A/ + 2Ma)(2h UQszx +¥u2m;ﬂ ) + QAI h aVUlx +2Eh (h eb;ma: _hsecmx +2u07ww +2h3u2awz ) = 0
(A/ + 2:“‘(1) Ul;z'p + :u'a(Qhaul + 2hav03'p + v27x )

+2Fshsh, (—h Opyzz —h Gc,m +2h, ul,m) =0

()‘/ +2,U/a)( 3 anww+ 5 u2awz>+)\/ a'Ul7:v /’La( au2+ 3 'Ulaw)

+2E:h hQ(h abwcx —hs Hcmx +2U0 +2hau2mc:c ) =0

,Ufa(Qh U,z +2hav0mm + UQazz ) + QkG h (70177&0 *gcvm +2007mx +2hgv27mm ) =0

)\a(2hau0az %’U/Qm ) + 2()\; + 2Ma)havl /140,( au27:r + 3 Ulazz )

—2kG hsha(ebam _ecam +2havlaxm) =0

/\/ 4h ULz +()\ +2.ua)7'02 7,“0‘( 2y u171+ UOaxx+ v2wac)

_Qsthshz(_ebaz _9631 +2v07zz +2hav27zz ) =0

(A.5)
e Vx €|L,, L, + Ll
QESh’SuZ?xI =0

Qsths(U{,‘axw _egaw ) =0 (AG)
2Bl 1 e +2kG g (0] —05) = 0

together with the continuity and boundary conditions, which write:
e Forx=—L, — L,:
2B hgtul,, —F =0

Ul =0 (A7)

2F, h8 91 =0
c?

e Forx = —L,:

:—h0 +’LLO+h U1+h2’LL2
= vy + hqv1 + h21}2 (A8)
= HC

l
Ue
l
Ve
l
c

0
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2B (0L —A00r ) + 2B h2 (=il g0 +hgtts o +h2ug, ) = 0

LU +2E,h2(u0w —h Utse +h2Uz, ) =0

(N, + 2Ma)(2hauo,m + 28 um ) + 2\, hav1 + 2Eshg (hsbp,e —hsbera —ulye +2u0,0 +2h2u2,0 ) =0

(A, + 2ua) um +a.2 “vz + 2Ehsha(—hsOp,e —hsbe,s —ul,e +2haur, ) =0

(N, + 2010) (P g, +%u2,1 )+ N 2y 4 2B kb2 (Balpye —halers —tilys +200, +2h215,5 ) = 0
(2hau1 + 2h a0z + ke 3 29,0 ) + 2kGshs(—0p — 0. + 0L — vl +2v0,, +2h2va,, ) = 0

fra (2 au2 42 um )+ QkG hsha(0y — 6. + 9@ — vl 42hav1,,) =0

,Ma(ghZ uy + 3“ V0sz + UZ):U )+ 2kGshsh2(—0, — 0. + 6\ — vl +2v0,5 +2h2v2,, ) = 0

e For z = L,:

up = hely + uo — houi + h2us
vl = vy — hav1 + h2vs (A.10)
o7 = 0,

2B (40, 00 ) + 2B hE () p 0,0 —hatis o +Hh2uz ) = 0

BB o —2Eh2 (g, +Hhatin e +h3t2,0 ) = 0

(N, + 2ua)(2h Uz + %u“ ) + 22, hav1 + 2Eshg(hsOpye —hsOc,n —uh e +2u0,5 +2h5uz,, ) = 0

(N 4 2p10) 202 3 ul,x N Gy + 2B huha(~ Bl —halers +105 0 +2hati1 0 ) = 0

(N, + 2010) (Za2 g + 2 U2,x) N2y 2B R h2 (BB —habers —uf e +2u00 +2h2Un. ) = O
(2h Ut + 2hq V0,5 + 2 09,0 ) + 26G s (— 0y — O + 0] — V] o +200,0 +2h202,5 ) = 0

,ua( “u2+ 3“v1,I)+2kG hsho(0p — 0. — 07 + ] .0 +2hav1,5 ) =0

3
e o tig,0 ) + 2kGohoh2 (=0, — O + 07 — 07w +200,0 +2h205,, ) = 0
(A.11)
e Forx =L, + Lg:
2E htul,, —F =0
o =0 (A.12)

2F K3
hegr =0

The solution procedure is similar to that already presented in the paper, but the expressions are here

too cumbersome to be further specified.
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Appendix B. Useful matrices

In the framework of small transformations, H,, Hy and H, are constant matrices of R3*18, whose non-zero

COHlpODthS are:

S8
- <

o+ T
— hi2
N— — | h572
N e

I Il

[
—~ — a
[ap] <t — —
L i L —"
= - = U

3 3 3 3
T momom

2
a

=y’ —h;

H,(1,14)

Ha(2,15)

(B.1)

2
a

=3y —h

H,(2,17)

H,(3,2) =

2hg
2y

H,(3,10) =

H,(3,13)

y* —h;
y(y? —h

Ha(3,16)

2)

H,(3,18)

1

Hy(1,3)

(B.2)

Hy(1,11) = —y

Hy(3,7) =1

Hy(3,9) = —1

1

H.(1,4)

(B.3)

He(3,8)

1

H,(3,10) = —1
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