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Abstract

In this paper, we have investigated the effect of material orthotropy on the formability of metallic sheets sub-
jected to dynamic biaxial stretching. For that purpose, we have devised an original three-pronged methodology
which includes a linear stability analysis, a nonlinear two-zone model and finite element calculations. We have
studied 5 different materials whose mechanical behavior is described with an elastic isotropic, plastic anisotropic
constitutive model with yielding based on Hill (1948) criterion. The linear stability analysis and the nonlinear
two-zone model are extensions of the formulations developed by Zaera et al. (2015) and Jacques (2020), respec-
tively, to consider Hill (1948) plasticity. The finite element calculations are performed with ABAQUS/Explicit
(2016) using the unit-cell model developed by Rodriguez-Martinez et al. (2017), which includes a sinusoidal spatial
imperfection to favor necking localization. The predictions of the stability analysis and the two-zone model are
systematically compared against the finite element results —which are considered as the reference approach to
validate the theoretical models— for loading paths ranging from plane strain stretching to equibiaxial stretching,

and for different strain rates ranging from 100 s~! to 50000 s~!

. The stability analysis and the two-zone model
yield the same overall trends obtained with the finite element simulations for the 5 materials investigated, and for
most of the strain rates and loading paths the agreement for the necking strains is also quantitative. Notably, the
differences between the finite element results and the two-zone model rarely go beyond 5%. Altogether, the results

presented in this work provide new insights into the mechanisms which control dynamic formability of anisotropic

metallic sheets.
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1. Introduction

Interest of aeronautical and automotive industries in high energy rate forming (HERF) processes, such as
explosive, electromagnetic and electrohydraulic forming, has been growing in recent years due to their potential to
form aluminium, titanium, high-strength steel and other low formability metallic materials (Song et al., 2004). The
high strain rates achieved in HERF processes in comparison to conventional quasi-static metal forming operations
lead to significant changes in the constitutive behavior of the materials and give rise to inertial effects which

contribute to delay necking localization and ductile fracture (Mamalis et al., 2004; Gayakwad et al., 2014).

The first experimental evidence that inertia effects improve the formability of metal sheets was most likely
provided by Wood (1967), who showed that the ductility of several materials (stainless steel, vascojet tool steel,
René 41 superalloy) is significantly increased during high-explosive forming operations, such as tube and dome
bulging. More recently, Balanethiram and Daehn (1992) obtained the dynamic formability diagrams of Interstitial
Free iron sheets with 0.84 mm thickness tested at strain rates of ~ 103 s~! using electrohydraulic forming (the
sheets were formed inside a conical die with 90° apex angle). The comparison with the corresponding quasi-static
forming limits showed that the ductility of the specimens near plane strain increased by three times at high strain
rates. Shortly after, Balanethiram and Daehn (1994) presented additional electrohydraulic experiments showing
that the formability of AA 6061 and OFHC copper sheets also increases at high strain rates, suggesting that the
beneficial contribution of inertial forces to the ductility of metals sheets is both large and general (Balanethiram
and Daehn, 1994). The experiments on OFHC copper were performed using sheets of 0.34 and 0.79 mm thickness,
with the thicker samples showing much greater improvement in formability at high strain rates due to the increase
of inertia effects with the specimen thickness. Hence, Daehn et al. (1995) concluded that when inertial forces are
at work in stabilizing necking, size effects become important.

Years later, Seth et al. (2005) investigated experimentally the dynamic formability of sheet specimens made
of five different cold-rolled steels with thicknesses varying from 0.15 to 0.38 mm. The tests consisted of launching
electromagnetically the steel sheets at a shaped punch at velocities of 50-220 m/s. Similarly to the experimental
evidence presented by Balanethiram and Daehn (1992, 1994) for Interstitial Free iron, AA 6061 and OFHC copper,
the ductility of these five steels was also dramatically increased at high strain rates as compared to the quasi-static
forming limit diagrams. The experimental results reported by Golovashchenko (2007) for the electromagnetic
forming of AA 6111-T4 and AA 5754 sheets into conical and v-shape dies also showed that the ductility of the

electromagnetic formed samples can be ~ 2.5 times greater than under quasi-static loading. Dariani et al. (2009)



obtained the forming limit diagrams of AA 6061-T6 and 1045 steel under quasi-static and explosive loading (in
the latter case the strain rate reaches ~ 103 s~1). These experiments revealed that the ductility of the explosively
formed specimens increases by a factor of 2.5 for AA6061-T6 and by factor of 1.6 for 1045 steel. Golovashchenko
et al. (2013) investigated the dynamic formability of four different dual phase steels (DP500, DP590, DP780 and
DP980) at strain rates up to ~ 2 - 10* s~! using electrohydraulic forming. As compared to the quasi-static case,
the relative improvement in plane strain formability in electrohydraulic forming conditions was between 63% and
190%, depending on the grade of dual phase steel. Moreover, Rohatgi et al. (2014) performed electrohydraulic
forming experiments which showed that the dynamic formability of AA 5182-O sheets of 1 mm thickness, relative
to its corresponding quasi-static formability, increases by ~ 2.5 times and ~ 6.5 times under free-forming and when

forming inside a conical die, respectively.

Theoretical investigations to rationalize the effect of inertia on neck retardation have been conducted using
both linear and nonlinear analyses.

Most of the linear analyses are based on the linear perturbation theory, which evaluates the growth of an
infinitesimal perturbation superimposed on the homogenous background solution of the problem at hand. Fressen-
geas and Molinari (1985) showed that if the perturbation grows faster than the background solution, the plastic
flow is unstable and a neck-like deformation field can develop. Fressengeas and Molinari (1994) extended the plane
strain linear stability analysis of Hutchinson et al. (1978b) to include inertia effects, and they showed that inertia
decreases the growth rate of perturbations, slowing down necking development and enhancing material ductility. In
addition, it was demonstrated that at high strain rates, unlike what happens under quasi-static loadings, there is a
perturbation of finite wavelength (so-called the critical wavelength) for which the growth rate of the perturbation is
maximum. This critical wavelength was used by Fressengeas and Molinari (1994) to determine the average spacing
between necks in the multiple localization patterns that emerge in shaped-charge jets, and satisfactory agreement
was found between theory and experimental data available in the literature. Mercier et al. (2010) extended the
plane strain linear stability analysis developed by Fressengeas and Molinari (1994) to thermoviscoplastic materials
to predict the critical conditions for the nucleation of necks and the spacing between necks in hemispherical shells
made of copper and tantalum, and subjected to dynamic expansion at strain rates of ~ 10* s~!. The stability anal-
ysis predictions were in reasonable agreement with the number of necks obtained in the experiments and showed
that inertia delays the formation of necks (which indeed nucleate for strains greater than the Considere (1885)

strain, see also Vaz-Romero et al. (2017)). Moreover, Zaera et al. (2015) extended the linear stability analysis



developed by Dudzinski and Molinari (1991) to consider inertia effects and study the formation of multiple necks
in thin metal sheets modeled with von Mises plasticity and subjected to biaxial loading at high strain rates. Using
the concept of effective instability introduced by Dudzinski and Molinari (1991), which states that a perturbation
mode turns into a necking mode when the grow rate of the perturbation reaches a critical value, Zaera et al. (2015)
used the results of the stability analysis to construct dynamic forming limit diagrams. The predictions of the
stability analysis were in qualitative agreement with finite element results which showed that the average spacing
between necks increases as the loading path moves away from uniaxial tension and approaches equibiaxial tension
(see also Rodriguez-Martinez et al. (2017)). The stability analysis also predicted in agreement with the finite ele-
ment calculations the orientation of the necking bands that form the localization pattern, which are aligned with
the direction of zero stretch for loading paths between uniaxial tension and plane strain (Hill, 1952), and they are
perpendicular to the principal loading direction when the loading path lies between plane strain and equibiaxial
tension. In addition, the finite element calculations indicated that the formability of metal sheets increases as the
loading rate increases, in agreement with the experimental evidence discussed above (see also Rodriguez-Martinez
et al. (2017)).

Moreover, the nonlinear analyses are generally based on the hypothesis of Marciniak and Kuczyniski (1967) that
necking is initiated by an ab initio geometric imperfection of the specimen in the form of a thickness variation, and
they are usually known as two-zone models or long-wavelength analyses (Hutchinson et al., 1978b). For instance,
Fressengeas and Molinari (1985) developed a one-dimensional model based on the long-wavelength approximation
including material inertia to investigate the effect of strain rate on necking localization under uniaxial tension.
Despite the limitations of the model, that did not consider the multiaxial stress state that develops in a necked
section, Fressengeas and Molinari (1985) succeeded to provide one of the first theoretical verifications that neck
formation is delayed at high strain rates. Years later, Xue et al. (2008) formulated a dynamic two-zone analysis to
investigate necking in thin plates subjected to plane strain extension. The theoretical predictions were compared
against finite element simulations in which the plate was modeled as an array of unit-cells with sinusoidal periodic
geometric imperfections. The calculations were performed for strain rates ranging from 100 s=! to 2000 s=! (but
for a plate with large thickness of 20 mm, which promotes inertia effects). The two-zone analysis did a good
job capturing neck retardation due to inertia effects, however, because triaxiality effects were not included in the
formulation of the model (as in the one-dimensional model of Fressengeas and Molinari (1985)), short necking
wavelengths were not suppressed, and the two-zone analysis failed to predict the emergence of a critical necking

wavelength associated to the minimum necking strain (which determines the average spacing between necks in



multiple localization problems, as mentioned before). Very recently, Jacques (2020) developed a two-zone model
that extends the work of Xue et al. (2008) to consider any arbitrary in-plane loading and includes stress triaxiality
effects using Bridgman (1952) approximation to account for the hydrostatic stresses which develop inside a necked
region. The predictions of the model of Jacques (2020) were validated against the dynamic forming experiments
of Golovashchenko et al. (2013) and the unit-cell finite element calculations of Rodriguez-Martinez et al. (2017),
who extended the computational model of Xue et al. (2008) to consider loading paths ranging from plane strain
to equibiaxial tension. Excellent agreement was found between theoretical model predictions and finite element
calculations, providing a definite theoretical confirmation of the stabilizing effect of inertia on neck development
for different strain rates and loading paths, ranging from uniaxial tension to equibiaxial tension. The two-zone
model of Jacques (2020) also succeeded to capture the decrease of the critical necking wavelength with the strain
rate, and its increase as the loading path moves away from plane strain to equibiaxial tension. The increase in
ductility at high strain rates predicted by the two-zone model was also found in agreement with the experimental

data of Golovashchenko et al. (2013).

However, most of the theoretical works cited in this introduction were specifically formulated for isotropic
materials. To the authors’ knowledge, neither stability analysis nor two-zone models have been yet developed to
study the influence of inertia in the dynamic formability of anisotropic metal sheets. This is an important gap
in the literature, as it is known that most sheet metal products are anisotropic. Thus, in this paper, we extend
the stability analysis of Zaera et al. (2015) and the two-zone model of Jacques (2020) to consider orthotropic
Hill (1948) plasticity. The necking strains calculated with both theoretical models are compared to finite element
calculations performed with the unit-cell model used by Rodriguez-Martinez et al. (2017), for a wide range of
strain rates ranging from 100 s~! to 50000 s~!, and for loading paths varying from plane strain to equibiaxial
tension. We consider that the loading axes are parallel to the orthotropy axes of the material. Therefore, for this
range of loading paths, the orientation of the necking band is perpendicular to the principal loading direction, so
that the orientation of the geometric imperfection to be included in the unit-cell finite element model is known.
The stability analysis and the two-zone model predict the same overall trends obtained with the finite element
calculations, and for most of the strain rates and loading paths investigated, the agreement for the necking strains
is also quantitative, notably the differences between the finite element results and the two-zone model rarely go
beyond 5%. Altogether, this paper presents several methodologies to predict dynamic formability diagrams for

anisotropic materials, and provides additional insights into the stabilizing role of inertia on neck development for



different loading paths.

2. Constitutive framework

The mechanical behavior of the materials studied in this paper is described using an elastic isotropic, plastic
anisotropic constitutive model with yielding based on Hill’s criterion (Hill, 1948). The formulation of the con-
stitutive model is outlined in Section 2.1, and the values of the parameters corresponding to the five materials

investigated are given in Section 2.2.

2.1. Formulation

We consider the additive decomposition of the total rate of deformation tensor d into an elastic part d® and a

plastic part dP as follows:

d=d°+dr (1)

The elastic part of the rate of deformation tensor is related to the rate of the stress by the following linear

hypo-elastic law:

&=C:d° (2)

where & is an objective derivative of the Cauchy stress tensor, which corresponds to the Green-Naghdi derivative
in ABAQUS/Explicit (2016) (when a VUMAT user-subroutine is used), and C is the tensor of isotropic elastic
moduli given by:

C=2GI'+K1®1 (3)

with 1 being the unit second-order tensor and I’ being the unit deviatoric fourth-order tensor. Moreover G' and

K are the shear and bulk moduli, respectively.

The yield condition is defined as:



f=0—0y =0 (4)

where & is the effective stress associated to the Hill (1948) criterion:

&=[(G+H)oi, + (F+H)osy+ (F+G)oss—

(5)
2Ho11099 — 2F 099033 — 2Go11033 + 2N o, + 2Loss + 2M o] 2

with o4 (i,j =1,...,3) being the components of the Cauchy stress tensor in the Cartesian coordinate system
(X1, X9, X3) associated to the orthotropy axes (see Figs. 3 and 4). Moreover F', G, H, L, M and N are the
anisotropy parameters (see Section 2.2). Note that the von Mises (1928) yield criterion is recovered if F' = G =

H=05and L =M =N = 1.5.

In equation (4), oy is the yield stress of the material in uniaxial tension in the rolling direction, which is
considered to evolve with the effective plastic strain &7, the effective plastic strain rate ¥ and the temperature 7',

according to the following power-law type relation:

p o\ M T — i
oy =0 (e" +¢& - 6
( ) <57“ef Tref ( )

where 0%, €%, n, Erefy, M, Trep and p are material parameters (see Section 2.2). Moreover, most of the results
presented in this paper have been obtained with a rate-independent behaviour (m = 0) under isothermal conditions
of deformation (8 = 0, see equation (10)). This facilitates the identification of the specific role played by material
orthotropy in the dynamic formability of metallic materials (see Section 6). The influence of strain-rate sensitivity

and thermal softening is specifically discussed in Section 6.4.

The effective plastic strain is related to the effective plastic strain rate as follows:

el = /Ot eP(r)dr (7)



Assuming an associated plastic flow rule, the plastic part of the rate of deformation tensor is:
=2 8
e (8)

where the effective plastic strain rate &P is defined as:

1/2
el = F(d},)? + G(dy)* + H(dg,)? + 2(dp,)” + 2(d5,)? + 2(dY3)* /

FG+FH+GH N L M

9)

with dfj (i,j =1,...,3) being the components of the plastic part of the rate of deformation tensor in the Cartesian

coordinate system (X1, X9, X3) associated to the orthotropy axes (see Figs. 3 and 4).

Moreover, assuming adiabatic conditions of deformation (no heat flux) and considering that plastic work is the

only source of heating, the evolution of temperature is given by:

oeP

PCyp

where [ is the Taylor-Quinney coefficient, p is the current material density and C), is the specific heat.

The formulation of the constitutive behaviour is completed with the Kuhn—Tucker loading—unloading condi-

tions:

el >0, f <0, Ef=0 (11)



Hill’s model (Hill, 1948) highlights due to its simplicity, versatility and easy calibration procedure; so that 70
years after its publication, the criterion of Hill (1948) still is widely used to describe the directionality of plastic
properties of metallic materials in scientific and technological applications (Padmanabhan et al., 2009; Koubaa
et al., 2017; Korkolis et al., 2018; Greco et al., 2018; Baral et al., 2018). On the other hand, we are aware that
Hill’s model, which is quadratic in stresses and contains only six independent parameters to describe the state
of anisotropy (see equation (5)), cannot capture complex anisotropic behaviors observed for some materials (Hu,
2007; Banabic, 2010). Thus, in future works, we will extend the three approaches developed in this paper to
consider more advanced yield criteria specifically developed to model the mechanical response of highly textured
metallic materials which exhibit complex plastic anisotropy (e.g. the models of Karafillis and Boyce (1993), Bron

and Besson (2004), Cazacu et al. (2006) and Aretz and Barlat (2013)).

2.2. Materials investigated

We investigate 5 different materials denoted as Material 1, ..., Material 5. Materials 1 and 2 are model materials
with elastic properties and initial density representative of steel, and anisotropy parameters and parameters of the
yield stress in the rolling direction that have been specifically tailored to bring to light the roles of inertia and
orthotropy in dynamic formability. Materials 3, 4 and 5 are actual materials, namely, TRIP-780 steel, aluminium
alloy 5182-O and aluminium alloy 6016-T4. These three materials are widely used in different industrial sectors
and engineering applications, and their sheet products are often used in forming operations (Butuc et al., 2002; Li
et al., 2010; Ju et al., 2015; Zhou et al., 2018). The values of the parameters corresponding to Materials 1,...,5
are shown in Table 1. Note that all five materials show full in-plane anisotropy and through thickness isotropy.
We are aware that using the simple power-law type relation given in equation (6) to describe the yield stress of
the materials investigated in this work is a strong assumption (see the works of Zerilli and Armstrong (1987),
Nemat-Nasser and Li (1998) and Rusinek and Klepaczko (2001) where more advanced constitutive relations are
developed), especially for TRIP-780 steel, for which the martensitic transformation that occurs at large strains
may lead to stress-strain curves with sigmoidal shape (see the works of Tomita and Iwamoto (1995), Iwamoto et al.
(1998) and Choi et al. (2010)), which cannot be modeled by equation (6). Nevertheless, using a simple power-law
type relation limits the number of material parameters, which facilitates to perform the parametric analysis carried

out in Section 6, and it helps in the interpretation of results.

Fig. 1 shows the normalized plane stress theoretical yield loci for biaxial loading conditions, o1/oy versus
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on1/oy, where o1 and oyp are the components of the Cauchy stress tensor in the rolling and transverse directions,
respectively, for the five materials considered in this paper. We only show the tension-tension quadrant because all
the calculations presented in Section 6 correspond to o1 > 0 and o1 > 0. Specifically, we investigate the loading
cases that lie within the yellow markers that correspond to plane strain tension.

Fig. 1a compares the results for Material 1 and Material 2 with the von Mises material. For Material 1 the yield
locus is exterior to the von Mises ellipsoid, showing large differences near equibiaxial tension which are gradually
reduced as the op/oy = 0 axis is approached. The curvature of the yield locus of Material 1 near equibiaxial
tension is significantly greater than for the von Mises material. For Material 2, the yield locus intersects to the
von Mises ellipsoid, so that the locus of Material 2 turns from being slightly interior to the von Mises ellipsoid to
being exterior and showing important differences in the sector o1 > o1. Note also that the yield loci of Materials
1 and 2 intersect at o1/0y = 0.87, such that for o1/oy = 0.87 the yield locus of Material 1 is exterior to Material
2, and vice versa for o1/oy < 0.87.

Fig. 1b compares the results for TRIP-780 steel, AA 5182-O and AA 6016-T4 with the von Mises material. The
yield loci of TRIP-780 steel and AA 6016-T4 are exterior and interior to the von Mises ellipsoid, respectively, with
increasing differences near o1/oy = 0. Moreover, the yield loci of von Mises material and AA 5182-O intersect at
o1/oy =~ 0.72, so that for greater/smaller values of o1/oy the yield locus of AA 5182-0 is interior/exterior to the
von Mises ellipsoid. Note also that the results obtained for TRIP-780 steel and AA 5182-O coincide for o1/oy =0

and oyr/oy = 0, yet the yield locus of TRIP-780 steel is exterior for any other stress state.

Fig. 2 shows the evolution of the Lankford coefficient (ratio between in-plane transverse and through-thickness
plastic strains under uniaxial tension) versus loading orientation for the five materials investigated in this paper.
Note that for isotropic materials the Lankford coefficient is constant ry = 1. For materials described with the Hill
(1948) yield criterion, the value of 7y is a nonlinear function of § which shows maxima/minima for § = 0° and
90°. In addition, for specific combinations of the anisotropy parameters, materials modeled with Hill (1948) yield
criterion show an additional maximum/minimum for an intermediate value of the loading orientation (Dasappa
et al., 2012; Huh et al., 2013; Shen et al., 2019; Cazacu and Rodriguez-Martinez, 2019). Namely, for Material 1
the Lankford coefficient is greater than 1, with absolute minimum and maximum for 6 ~ 42° and 90°, respectively.
For Material 2 and TRIP-780 steel the Lankford coefficient increases with the loading orientation, with ry smaller
than 1 for # < 45° and greater than 1 for 6 > 45°. Note that Material 2 is comparatively more anisotropic than

TRIP-780 steel because the variation of the Lankford coefficient with # is more important. For AA 5182-O the
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Figure 1: Normalized plane stress theoretical yield loci for biaxial loading conditions, o11/oy versus o1/cy, according to Hill (1948)
criterion. (a) Comparison between Material 1, Material 2 and von Mises material. (b) Comparison between Material 3: TRIP-780
steel, Material 4: AA 5182-O, Material 5: AA 6016-T4 and von Mises material. In Section 6 we investigate the loading cases that lie
within the yellow markers that correspond to plane strain tension.

value of 7y increases, reaches a maximum for § = 50°, and then decreases. The Lankford coefficient is slightly
greater than 1 within the range 40° < 6 < 62°, and smaller than 1 for any other loading orientation. The value
of ry for # = 90° is greater than for # = 0°. For AA 6016-T4 the value of 7y is smaller than 1 for any 6, reaching
the minimum for = 47°, with the Lankford coefficient for § = 0° being greater than for § = 90°. Sowerby
and Duncan (1971) and Parmar and Mellor (1978) among others noticed that for Hill (1948) materials there is a
strong coupling between the Lankford coefficient and the material formability. The general trend being that for
rg > 1 the elliptical plane stress yield locus stretches out (increasing the maximum curvature of the yield surface,

see Material 2 in Fig. la) and the material formability decreases (with respect to the isotropic von Mises (1928)

material), and viceversa for rg < 1 (see Section 6).

The differences in the plane stress yield loci and the Lankford coefficient shown by the 5 materials studied will
be used to explain the results presented in Section 6, and to determine the role of material orthotropy in dynamic

formability.
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Figure 2: Lankford coefficient ry versus loading orientation . Comparison between Material 1, Material 2, Material 3: TRIP-780 steel,
Material 4: AA 5182-O and Material 5: AA 6016-T4.

3. Linear stability model

The linear stability model is an extension of the 2D approach developed by Zaera et al. (2015) to orthotropic
materials with yielding based on Hill (1948) criterion. We consider a thin plate of initial thickness h® and edges
of initial length LY and LS, see Fig. 3. The plate is subjected to constant and opposed stretching velocities

Vy =49 L0/2 and V, = :I:égng /2 on opposed sides, where &Y and égy are the imposed initial strain rates. The

0

2, which is varied between 0 (plane strain stretching) and

loading condition is determined by the ratio x = égy /€
1 (equibiaxial stretching) in the calculations presented in this paper. The Lagrangian Cartesian coordinate system
associated to the applied velocity field is denoted by (X,Y,Z) while the corresponding Eulerian counterpart is
denoted by (z,y,z). Note that the direction Z of the plate is assumed of plane stress. The plate displays
orthotropic symmetry with the Cartesian frame of orthotropy (Xi, X2, X3) defined by an angle 1) between X and
X1 (see Fig. 3), with X7, X9 and X3 being the rolling, transverse and through-thickness directions, respectively.
Our attention is limited to the scenarios where the orthotropy axes and the loading axes are co-directional (¢ = 0°
or 90°), i.e. the principal directions of stress and strain coincide. In this paper the angle v is also referred to as
material orientation. Notice that varying the material orientation from ¢ = 0° to ¢ = 90° amounts to exchange

the value of the anisotropy coefficients F' and G, see equations (5) and (9). The elastic deformations are neglected

and hereafter £ = &P will be named effective strain and & = P effective strain rate.
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Figure 3: Linear stability analysis. Schematic representation of the geometry and boundary conditions of the problem addressed: a
plate of initial thickness h° and edges of initial length L2 and Lg subjected to constant and opposed stretching velocities V, = 4¢%, L2 /2
and V, = :I:égng/Q on opposed sides, where €2, and égy are the imposed initial strain rates. The Lagrangian Cartesian coordinate
system associated to the applied velocity field is denoted by (X,Y, Z), while the corresponding Eulerian counterpart is denoted by
(z,y,z). Note that the direction Z of the plate is assumed of plane stress. The plate displays orthotropic symmetry with the Cartesian
frame of orthotropy (X1, X2, X3) defined by an angle ¢ between X and X;.

The unknowns of the problem are: velocities (V;;, V,), strain rates (dgz, dyy ), deformation gradients (Fy,, Fyy, Fr2),
thickness (h), effective strain (¢), effective strain rate (£), temperature (7'), uniform stresses (o4, 0yy), average
stress in the major stretching direction (og.”), effective stress (), yield stress in the rolling direction (oy) and

Bridgman'’s correction factor argument (). The fundamental equations governing the loading process are presented

below:

e Kinematic relations:

oV,

ox
oV
W= By

d;cz =
(13)
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sz’ - z
A (14)
v Fu
vy dyy
e Incompressibility condition:
FopFyyF,, =1 (15)
e Current thickness:
h = h°F,, (16)
e Momentum balance:
F,,——= = ph
woax M o (17)
In 8(h‘7yy) _ ph()%
oY ot

where p is the material density (assumed constant, i.e. p = p°). The momentum balance equation in the out

of plane direction has been disregarded, see Zaera et al. (2015).

e Average stress in the major stretching direction:

o2 = B(¢) 0z (18)

rr

where
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B(p)=Vite (1420 +2Vp(1+9)) -1 (19)

is the correction factor introduced by Bridgman (1952) to model the hydrostatic stresses that developed in
a necked section (see Zhou et al., 2006; Zaera et al., 2015). Notice that, while in this paper we have used
the classical Bridgman (1952) approximation, in future works we shall consider the one-dimensional model
based on an asymptotic analysis recently developed by Audoly and Hutchinson (2016, 2019) to determine

the stress state inside the neck.

e Argument of Bridgman’s correction factor:

h 9%h
_n 20
o Effective stress:
5 =[(G+ H)o? + (H + F) 03, — 2Ho1109 + 2Na%,]/* (21)

Previous expression is a specialization of equation (5) for plane stress conditions, where 011, 092 and o2 are

given by:

011 = Opy COS> Y+ oyy sin? P
029 = Opp Sin® 1) + Oyy cos? (22)

012 = (Ogg — Oyy) sin cos

e Flow rule:
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Oxx
) o (23)
vy = Eaayy
where
1/2
- Fd}, + Gd3y + H(di1 + doo)? n 2d3,1" (24)

FG+FH+GH N

Previous expression is a particularization of equation (9) for plane stress conditions, where di1, d22 and djo

are given by:

di1 = dyy cos? 9 + dy, sin? 1)
doo = dyg sin® ) + dyy cos? 1) (25)

di2 = (dgg — dyy) sine cos

The governing equations are completed with the expressions of the yield condition, the yield stress in the rolling
direction, the effective strain and the temperature evolution equation, given by the relations (4), (6), (7) and (10),

respectively.

The solution of the problem at any given loading time, usually referred to as homogeneous or fundamental

solution:

Sl — (Va}7 V:yl dl dl Fl Fl Fl

1 21 =1 1 1 1 avg,1 =1 _1 T
y Qaxy Cyyr Dy Hyyo Zzah yEHE 7T y O g O 70Ya(p) (26)

zx Tyyr Oz

can be readily obtained by integration of the governing equations with the following initial conditions:
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Ve (X, Y,0)=¢0,X;  V,(X,Y,0)=¢)Y; 0 (X,Y,0)=0

£(X,Y,0) = 0; h(X,Y,0) = ' T(X,Y,0)=T° =T,

and boundary conditions:

Vo (LY/2,Y,t) = =V, (—LY/2,Y,t) = €2, LY/2

Txr

(28)

Vy (X, LY)2,t) = =V, (X, —Ly/2,t) =€),L) /2

where, as already mentioned, €%, and égy define the initial strain rates in X and Y directions of the plate,
respectively. The applied loading is selected through input values of €0, and x = E’Sy /€%.. Note that €2, will be
also referred to as imposed initial major strain rate. The details on the kinematics of the fundamental solution are

given in Appendix A.

The stability of the homogeneous solution is tested by introducing at some time ¢! a small perturbation JS of

the form:
5S(X, 1) = 68! eiXHn(t=th) (29)

where

6S' = (0Vi, 6Vy, 8d, dyyy, 0 F e, 6Fyyy 6 Fry OR, 08, 68, 6T, 80 e, 8y, 60229, 65, S0y, ip) T (30)

T

is the perturbation amplitude, ¢ is the wavenumber (also called perturbation mode) and 7 is the growth rate
of the perturbation at time ¢!. The perturbation is imposed on lines X = constant which is the orientation
naturally selected by the material to trigger a neck for the loading paths (0 < y < 1) and the orientations of the
orthotropy axes (¢ = 0° or 90°) investigated in this work (see Zaera et al., 2015). Notice that, while in this paper
we have assumed the classical frozen coefficients theory and the exponential form of the time dependency of the
perturbation for the sake of simplicity, Xavier et al. (2020) have recently developed a promising method to relax

these assumptions.
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The perturbed solution of the problem is:

S=s'"+6S (31)

with |6S| < [S!|. A system of linear algebraic equations is obtained by substituting equation (31) into the governing

equations and keeping only the first-order terms in the increments 6S'. This system of equations, which is not

explicitly shown in this paper for the sake of brevity, has been adimensionalized by introducing the following

dimensionless groups:

AL
S
FZZ_FZZ;
a.
A vy
Oyy = 50
ﬁ_ﬂ.
gL’

N Vv ~ ~ d A A
y TT TT | . . .

Vy:hoe;la dac:c: 6;1 ) dacac: 6;1 ) sz*Fa:aca Fyy*Fyy

A h 2 5 N _ A T N Oz

h:ﬁa 525717 €=¢&; T:TO’ Ogz = 50 (32)
av _

cavg  Oaz’ . T .oy .

xr 0’ g = 707 Oy = 0’ =
g g (o

§=¢h’

A non trivial solution for the adimensionalized perturbation amplitude 5S! is obtained only if the determinant of

the matrix of coefficients of the system of adimensionalized linear algebraic equations is equal to zero. Application

of this condition leads to a third order polynomial in #:

with

Bs(SYi® + Ba(S', €)i? + B1(SY, )i + Bo(S',€) =0 (33)
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By(§") = 82(FL,)* (V(dh,)? — 2Rodh,dy, + Ri(dy,)? + Qx (N1 By — 1) )
By(§',€) = —8(F1,)? (£l (8Qs (7" (83— M0 B ) + Ra(d},)?) +
eQu (B3~ MRy ) + BNLQa(dh,)? - 28Qs Rodhdy, ) — 261 Ey, ((dy,)? + N0Q ) )
Bi(§Y, &) = §§2H2h1Fy1y ( 12(FL )2 (ﬂ@ (( )2 — Mo ) +é (CZ;I (((i;y)Q v J\ZGQQ) - Mlc@l)) - (34)
cot, (120F4,)7 = E(01)?) (Vi (dh,)? — 2Ra(dh,)2(dh,)? + Ra(d},)? + Qx (Vi By - R3)) )
Bo(8, ) = — AR B, (1248, (FL)? (e¥0.Qx — Qs () — o)) — ok, (12(FL,)? - €2()?)
(8Qs (" (B3 = N ) + Ra(dy,)?) +Qu (RS — N ) + BNLQa(dh,)? — 28Qs Rodldy, ) )

9%G
0%oyy

o 0%

020 41

. 0%5
0
, Ro=0

are the non-dimensional second-derivatives
+1 80'xx80'yy

t1

and M; = o°
tl

where Ry =0

A &l doy

1 0o
)y ST

of the effective stress with respect to the Cauchy stress tensor components, Ql = 0 o7
o0 9&
t

t1
T! doy

and Qs = 7557
t

are the non-dimensional strain, strain-rate and temperature sensitivities of the material,

SN2
T : : : 1 p (RO o ‘
is the non-dimensional specific he R represents the inertial resistance
o

respectively, ¢ = Py 0
o

to motion.

Equation (33) has three roots in 7 which depend on the adimensionalized fundamental solution of the problem
S! and the adimensionalized wavenumber é Note also that the adimensionalized wavenumber is related to the
normalized perturbation wavelength L°/h® as: L°/h° = 2—? The requisite for unstable growth of the perturbation
is given by R(77) > 0. Thus, the root with the greatest éositive real part denoted by fT represents the physical
solution of the problem (Dudzinski and Molinari, 1991). Note that /T is usually referred to as instantaneous
instability index (El Mal et al., 2014). Following Fressengeas and Molinari (1994), we introduce a cumulative
instability index defined as I = f(f fTéldr which tracks the history of the instantaneous grow rate of all the
growing modes. To calculate I, we introduce the perturbation at different times and sum the instantaneous
growth rate obtained for each loading time. The stabilizing effect of stress multiaxiality and inertia on small and
large perturbation wavelengths, respectively, boosts the growth of a finite number of intermediate perturbation
modes (Fressengeas and Molinari, 1994). The wavelength of the mode with the greatest value of the cumulative

instability index [ is called the critical cumulative wavelength, and the corresponding value of I is called the critical
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cumulative instability index. The critical cumulative instability index, which evolves with the loading time, and
thus with the strain, will be used in Section 6 to determine when a perturbation mode turns into a necking mode,
allowing to perform quantitative comparisons between the results obtained with the linear stability analysis set
out in this section, and the nonlinear two-zone model and the finite element model presented in Sections 4 and
5, respectively. Notice that Dudzinski and Molinari (1991) and Zaera et al. (2015) relied on the instantaneous
instability index /™ to determine when a neck is formed, in order to construct forming limit diagrams. However,
in this paper we choose I because, as discussed by El Mai et al. (2014) and Vaz-Romero et al. (2017), it provides

predictions for necking formation which are generally closer to finite element results.

4. Nonlinear two-zone model

The nonlinear two-zone model is an extension to orthotropic materials with yielding based on Hill (1948) crite-
rion of the formulation recently developed by Jacques (2020) to include inertia effects in the classical localization
approach of Marciniak and Kuczynski (1967). The model consists of a plate idealized as an array of unit-cells with
spatial imperfections in the form of bands with reduced initial thickness. Fig. 4 shows the schematic representation
of the unit-cell. Following the notation used in Section 3, the Lagrangian and Eulerian Cartesian coordinate sys-
tems associated to the applied loading conditions are (X,Y, Z) and (z,v, z), respectively. Similarly, (X1, X2, X3)
is the Cartesian coordinate system associated to the orthotropy axes defined by an angle ¢ between X and Xj.
The initial lengths of the cell are L2 and Lg, and the zones inside and outside the band are denoted by A and B,

respectively. The initial thicknesses of zones A and B are:

A0 =p0 (1 - A)
(35)
hB’O — hO

where A is the normalized amplitude of the imperfection. Note that superscripts ()* with i = A, B are used to

denote quantities in the zones A and B, respectively.

The initial and boundary conditions are consistent with those used in the linear stability model (see Fig. 3,
and equations (27) and (28)). Note that, in the present work, the imperfection (band with reduced thickness)
is assumed perpendicular to the major stretching direction X. Indeed, as earlier stated in Section 3, this is the

orientation naturally selected by the material to trigger a neck for the loading paths (0 < y < 1) and material
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orientations (¢ = 0° or 90°) investigated in this paper. However, this assumption can be easily relaxed to consider
other material orientations. Note also that, similarly to the stability model (see Section 3), the direction Z of the

cell is assumed of plane stress and elastic deformations are neglected.

< Lg, ) V, = é?chg)c/z

|
|
|
B A B
Yoo :
L2 A0 ;
5 i

‘A

Y.

Figure 4: Two-zone model. Schematic representation of the unit-cell with two zones of uniform thickness A and B. The initial lengths
of the cell are L2 and Lg, and the initial thicknesses of zones A and B are h*** and h®°, respectively, with h%:°>hr*°. The initial and
boundary conditions are consistent with those used in the linear stability model, see Fig. 3.

The zones A and B are assumed to be regions of homogeneous deformation and the unknowns of the problem in

these two zones are: strain rates (d.,,

d;y), deformation gradients (F?,, F? , F!), thicknesses (h'), effective strains

T T Yy’

(&"), effective strain rates (£'), temperature (7"), uniform stresses (o%,,0%,),

average stress in zone A in the major
stretching direction (af;,}avg ), yield stresses in rolling direction (o) and Bridgman’s correction factor argument in

zone A (¢). The equations governing the loading process are presented below:

e Kinematic relations:

The components of the overall deformation gradient in the whole unit-cell (Fy, Fyy, F..) are given by equation

(A.7) and the continuity of the displacement between the zones A and B leads to the following relations
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linking the deformation gradient components in the zones A and B, and the overall deformation gradient

components:
FAR+FB(1-R)=F,,
(36)
A _ B _
3 vy 3 yy Fyy
where
A0
R= on (37)

T

is the ratio between the initial length of the imperfection, Lf’o, and the initial length of the cell in the major

stretching direction, L.

The strain rate components in the zones A and B are given by:

=,
i (38)

& —

woF,

e Virtual work principle:

Jacques (2020) stated that including inertia effects in the classical localization approach of Marciniak and
Kuczynski (1967) implies that the momentum balance equation cannot be fulfilled at any point of the cell,
and he circumvented this difficulty using the virtual principle work (i.e. the weak form of the momentum

balance equation), which leads to the following differential equation to describe the evolution of Fl@:

(39)

1 (thOfo _ hA’Oafgj«avg>

FA=—
w0y \ FB F4
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with

p(LY)?

O, =
d 12

(R*h*0 + R(1 — R)RPY) (40)

Note that all the unknowns of the problem can be readily computed once F;:%C is obtained. The required steps

to derive equation (39) are given in Jacques (2020).

Using the plane stress condition, ¢!, = 0, the Cauchy stress tensor components in zones A and B are computed

as:

(41)

where (sZ st s

s Syys ZZ) are the components of the stress deviator referred to the coordinate system associated to the

loading axes. Moreover, with respect to the orthotropy axes, they can be computed as:

W™ & (FH+FG+HG) ™
27 H (FH+FG+ HG) ** (42)
¥ E (FH+FG+HG) ™
g _ o dis
27 4 N
where the relationship between (s, szy, st.) and (s}, shy, s4, 515) is calculated using the corresponding rotation

matrix, as in equation (22). These expressions have been obtained using equations (8) and (21). Note that the
expression of the shear component si, is given for completeness but, for the material orientations considered in

the present study (¢ = 0° and 1 = 90°), si, is equal to zero.

The governing equations are completed with the expressions of the yield stress in the rolling direction, the
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effective strain, the temperature evolution equation, the incompressibility condition, the current thicknesses, the
average stress in the major stretching direction in zone A and the effective strain rate. These expressions are
given by equations (6), (7), (10), (15), (16), (18) and (24), respectively. Note that the argument of the Bridgman

correction factor is calculated using the following expression (see Jacques (2020) for more details):

4 A (R - ph) 49)
YT 6L RA 2

The equations governing the loading process have been integrated using the explicit Euler method. In the
calculations we consider that LY = L(y] = LY. The results of the model are obtained for several normalized cell
sizes 0.25 < LY/R® < 10 and h° fixed (h® = 2 mm). The normalized cell size in the two-zone model is the
counterpart of the normalized perturbation wavelength in the linear stability analysis, see Section 3, and thus it
will be denoted the same L°/h°. The normalized amplitude of the imperfection is A = 0.2% in most two-zone
calculations presented in this work (unless otherwise noted). This value is arbitrary and we take it because the same
imperfection amplitude was used in the finite element calculations performed by N’souglo et al. (2020). The specific
influence of the imperfection amplitude in the two-zone model results is investigated in Section 6.5. Moreover, the
two-zone model results are dependent on the value of R (see equation (37)). In the case of isotropic materials,
Jacques (2020) found that the value R = 0.28 gives the best agreement between the finite element simulations and
the dynamic two-zone model, and therefore the same value is used in the present study. It will be seen in Section 6
that this value also yields an excellent agreement between the two-zone model and the finite element computations

for the different anisotropic materials and within the whole range of loading conditions considered.

5. Finite element model

The finite element model is based on the unit-cell model developed by Xue et al. (2008), and later adopted
by Rodriguez-Martinez et al. (2017) and N’souglo et al. (2020), to study the influence of constitutive behavior
and inertia on neck formation in thin metal plates subjected to dynamic loading. The model consists of a plate

modeled as an array of unit-cells with sinusoidal spatial imperfections defined by the following expression:

RO 2r X
h—2—2[1+00s<L0 )} (44)
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where ¢§ is the amplitude of the imperfection. Due to the symmetry of the model, only one eight of the cell has
been analyzed (see Fig. 5), with reference configuration (imperfection-free) given by the domain 0 < X < LY /2,
0<Y < L2/2 and 0 < Z < h%/2, with LY = L2 = LY. The origin of coordinates of the Lagrangian Cartesian
coordinate system (X,Y,Z) is located at the center of mass of the whole cell. Similarly to the dynamic two-
zone model (see Section 4), we have investigated several normalized cell sizes 0.25 < L°/h? < 10 with A" fixed

20— 0.2% in most of

h® = 2 mm). As in the two-zone model, the normalized imperfection amplitude is A =
P P -

the finite element calculations (unless otherwise noted). Nevertheless, the role of A in the finite element results is
discussed in Section 6.5. The finite element calculations are performed with ABAQUS/Explicit (2016) under the

following imposed initial conditions:

Ve (X,Y,Z,0)=¢2 X

Vy (X,Y,Z,0)=¢),Y

(45)
Vo (X,Y,2,0)=—(e), +¢€),) Z
T(X,Y,Z,0)=T" =T,y
and boundary conditions:
U, (0,Y, Z,t) = 0; U, (X,0,Z,t) = 0; U.(X,Y,0,t) =0
(46)
Vi (LY)2,Y, Z,t) =2, LY /2; Vy (X,Ly/2,Z,t) =€) Ly /2

consistent with those used in the theoretical approaches (see Sections 3 and 4) and the symmetry imposed to the
finite element model (note that Uy, Uy, and U, denote displacements along the X, Y and Z directions, respectively).
As shown by Rodriguez-Martinez et al. (2017), these initial conditions allow to minimize the propagation of stress
waves within the unit-cell during the loading process. Similarly to the theoretical models (see Sections 3 and 4),
the finite element calculations have been carried out for loading paths ranging between plane strain stretching and
equibiaxial stretching (0 < x < 1), namely, we have performed calculations for y = 0, 0.125, 0.25, 0.375, 0.5, 0.625,
0.75 and 1. Each marker in Figs. 7, 8,9, 10, 12, 13, 14 and C.16 corresponds to a value of x. Notice that unit-cell
calculations with ab initio geometric imperfections do not allow for exploring loading paths such that y < 0. The
problem is that the orientation that has to be assigned to the imperfection such that it is aligned with the direction

of zero stretch when necking occurs is not known in advance (see Hill (1952)). Moreover, the major stretching
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direction of the cell, which coincides with the X axis (see Fig. 5), has been aligned either with the rolling direction

(1» = 0° in the theoretical models) or the transverse direction (1) = 90° in the theoretical models).

O Necking measurement point

Ny
Ny
. iy
One eight of the cell analyzed T
Symmetry with respect to ““‘ N
X =0, Y =0andZ = 0 planes “““ ™~
R N
NNy N
Elements aspect ratio =~ 1:1: 1 “““ N
20 elements in Z direction “.\“ Ny
i NN
- - & Ny
8: Imperfection amplitude W Ny
26 . ) N —_ 20 70
A%) =1 Vy = £9,L3/2 NN Vy = éyyly/2
0
Eb Z,z
The origin of coordinates is
located at the centre of mass of
the whole cell X Y,y
) ‘x ’

Figure 5: Finite element model. Mesh and boundary conditions for a normalized cell size of L° / h® = 1. A large imperfection amplitude

has been shown in the figure for better illustration of the geometric perturbation. For interpretation of the references to color in the
text, the reader is referred to the web version of this article.

The cell is meshed with eight-node solid elements, with reduced integration and hourglass control (C3D8R in
ABAQUS notation). The elements have an initial aspect ratio close to 1:1:1 with dimensions =~ 50 x 50 x 50 pm?.
The number of elements is ranging between 500 for L°/h® = 0.25 and 800000 for L°/h® = 10. A mesh convergence
study has been performed, in which the time evolution of different output variables, namely stress, strain and
necking inception, were compared for different mesh sizes. The regularizing effects of inertia and strain-rate

sensitivity minimize the mesh sensitivity of the numerical calculations (see Needleman, 1988; Jacques et al., 2012;

Czarnota et al., 2017; Rodriguez-Martinez et al., 2017).

The constitutive model presented in Section 2 has been implemented in ABAQUS/Explicit (2016) through
a user subroutine VUMAT, adapting the implicit integration algorithm developed by Zaera and Fernandez-Séez

(2006) for von Mises plasticity to Hill (1948) yield criterion.
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6. Analysis and results

This section presents quantitative comparisons between the results obtained with the three approaches set out
in Sections 3, 4 and 5. Section 6.1 shows the process that we have followed to determine the strain leading to
necking formation and the specific methodology that we have designed to construct the forming limit diagrams,
and Sections 6.2, 6.3, 6.4 and 6.5 investigate the effects of anisotropy, loading rate, strain-rate sensitivity, adiabatic
heating and imperfection amplitude in the formability of the materials investigated. The finite element simulations
are considered as the reference approach to validate the capacity of the stability analysis and the two-zone model

to predict dynamic formability of metallic ductile materials.

6.1. Salient features

The results shown in this section correspond to Material 1 for m = 0 (rate-independent material) and 5 = 0
(isothermal conditions of deformation). The imposed initial major strain rate is €2, = 10000 s=!. This value lies
within the typical strain rates attained in electrohydraulic and electromagnetic forming operations (Golovashchenko
et al., 2013; Alves Zapata, 2016). For the two-zone model and the finite element calculations the normalized

imperfection amplitude is A = 0.2%.

neck

neck versus LO/hY. In the linear stability analysis, the major necking

Fig. 6 shows the major necking strain ¢
strain corresponds to the major logarithmic strain of the fundamental solution, €,, = In (F,,), when the cumulative
instability index meets the condition I = I™*°* with I = 3.25. This specific value has been obtained following
the calibration procedure developed by N’souglo et al. (2020) which is detailed in Appendix B (additional stability
analysis results obtained using an alternative calibration procedure are included in Appendix C for completeness).
In the two-zone model the major necking strain corresponds to the major logarithmic strain measured in zone

B

B, el =1n (Fggc), when the condition .gf = 1072 is met (the same criterion was applied in Jacques (2020)).

xrxr
Similarly, in the finite element calculations, the major necking strain corresponds to the major logarithmic strain

measured in the finite element located at the upper right corner of the thickest section of the cell (see the yellow

marker in Figure 5) when the axial strain rate equals 1073 s~! in that specific element (similar procedure was

applied in Rodriguez-Martinez et al. (2017) and N’souglo et al. (2020)).

First, let us note that the shape of the e7¢°* — L0 /hY curves obtained with the three approaches is the same. The

Txr

neck

neer obtained

major necking strain first decreases, reaches a minimum and then increases. The greater values of €
for small and large values of L%/h" are due to the stabilizing effects of stress multiaxiality and inertia on short

and long necking wavelengths, respectively (Fressengeas and Molinari, 1994). The minimum value of the major
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C
TT)

necking strain is referred to as the critical major necking strain £¢_, and the corresponding value of L°/hY is called
the critical necking wavelength (LO / ho)c. Figs. 6a and 6b show the results for x = 0 (plane strain stretching)
and ¢ = 0° and ¥ = 90°, respectively. The predictions obtained from the stability analysis and the two-zone
model show excellent quantitative agreement with the finite element calculations for the whole range of values of
L°/h® investigated. To be noted that the stability analysis was calibrated for an isotropic von Mises material,
plane strain stretching and the same strain rate, see Appendix B. Figs. 6¢ and 6d show the results for greater
value of the loading path x = 0.5, and the same material orientations, ¥» = 0° and ¢ = 90°. The predictions of
the stability analysis and the two-zone model are again in good agreement with the finite element calculations,
yet it is worse than in the case of x = 0. The two-zone model overestimates/underestimates the major necking
strains for short/long values of L°/hY, however it provides accurate predictions for the critical major necking

strains. Moreover, the stability analysis predictions increasingly underestimate the finite element results as L°/h°

increases, being the predictions for the critical major necking strains ~ 10% lower.

C
T

c

oy (i-e. the minor

The critical major necking strains €5, and the corresponding critical minor necking strains e
logarithmic strains, at the same measurement location, when e, are measured), are combined to construct the

forming limit diagrams shown in Fig. 7. The results correspond to loading cases ranging from plane strain stretching

c

v (which corresponds to x = 1 for the linear stability analysis, and to y < 1 for

ggy =0 (ie. x=0)toeg, =¢
the two-zone model and the finite element simulations, because of the strain gradients caused by the geometric

imperfection, see Appendix D). In fact, the result corresponding to xy = 1 for the finite element calculations is

c

C
1 T

oy (notice that there are only seven markers corresponding

not shown in Fig. 7 since €, becomes greater than e
to the finite element results). The cases for the material orientations ¥» = 0° and 90° are compared with the
corresponding specialization to isotropic von Mises (1928) plasticity obtained by imposing F' = G = H = 0.5 and
L =M = N = 1.5 (see Section 2). There is a monotonic increase of €5, as the value of x increases, i.e. plane
strain corresponds to a minimum in the critical major necking strain. This trend is consistent with experimental,
numerical and analytical results published elsewhere (Kuroda and Tvergaard, 2000; Banabic et al., 2010; Brunet
and Morestin, 2001). Moreover, note that the three approaches show that the critical major necking strains ¢,
are greater for the von Mises specialization than for ¢y = 0° and ¥ = 90°, with increasing differences as the
condition 5, = ey, is approached. Sowerby and Duncan (1971) showed that for Hill (1948) materials the influence

of anisotropy on the formability is small near plane strain and increases as the loading path approaches equibiaxial

tension. Moreover, note that the gap between the results obtained for ¢ = 0° and ¢ = 90° is small, with the
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Figure 6: Comparison between finite element results (FEM), two-zone model (2ZM) and linear stability analysis predictions (LSA) for
Material 1 with m = 0 (rate-independent) and 3 = 0 (isothermal conditions of deformation). Major necking strain eneck versus L°/n°.
Different loading paths and material orientations are considered: (a) x = 0 and ¢ = 0°, (b) x = 0 and ¥ = 90°, (¢) x = 0.5 and ¥ = 0°
and (d) x = 0.5 and ¢ = 90°. The imposed initial major strain rate is €%, = 10000 s~1. For the finite element calculations and the
two-zone model the normalized imperfection amplitude is A = 0.2%. In the linear stability analysis the cumulative instability index is

Ineck _

3.25.
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lowest formability corresponding to the latter material orientation. Attending to the results presented in Fig.
2, it seems that a Lankford coefficient greater than 1 implies a drop in formability compared to the von Mises
material, and the greater the value of rg, the greater the formability decrease (see also Sowerby and Duncan (1971)
and Parmar and Mellor (1978)). Namely, the fact that rg is greater for § = 90° than for 0° makes that the
values of €5, are smaller for ¢ = 90° than for ¢y = 0°. Moreover, it is remarkable the ability of both analytical
approaches to capture the slight effect of material orientation in the forming limit diagram predicted by the finite
element calculations. In addition, the results of the two-zone model show excellent quantitative agreement with the
numerical computations, for all the loading paths, both material orientations and the von Mises specialization. In
contrast, the stability analysis predictions, while showing very good agreement with the finite elements near plane

strain, increasingly underestimate the numerical results as the condition €5, = ¢

= £y, 1s approached. There are two

probable reasons behind this difference. First, the hypothesis of I7¢c*

= constant is a rather crude assumption that
should be reassessed in a future work with the aim of finding the functional dependence of the critical instability
conditions with the loading path (note that performing the calibration of the linear stability analysis for a loading
case different from plane strain strechting does not to lead to a better agreement with the finite element results, see
Appendix C). Second, while in the stability analysis the strain field is assumed homogeneous until the condition
Imeck — 325 is met, in the two-zone model and the finite element calculations it is not. The imperfection leads to
strain gradients along the principal loading direction such that the actual ratio between minor and major strain

when the necking condition is met is greater than that corresponding to the fundamental (homogeneous) solution

for x > 0, see Appendix D for details.

6.2. The effect of anisotropy

The results shown in this section correspond to Material 2,..., Material 5 with m = 0 (rate-independent
materials) and 3 = 0 (isothermal conditions of deformation). As in Section 6.1, €2, = 10000 s™1, A = 0.2% and

Imeck = 3.25.

Fig. 8 compares forming limit diagrams obtained with the finite element calculations, the two-zone model
and the linear stability analysis, for loading cases ranging from plane strain stretching €7, = 0 (i.,e. x =0) to

€9z = Eyy- The results correspond to (a) Material 2, (b) Material 3: TRIP-780 steel, (c) Material 4: AA 5182-O

Tx Y
and (d) Material 5: AA 6016-T4. The cases for the material orientations ¢ = 0° and 90° are compared with
the corresponding specialization to isotropic von Mises plasticity. As mentioned in Section 6.1, the influence of

anisotropy increases as the loading path moves away from plane strain, in agreement with the results of Sowerby
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Figure 7: Comparison between finite element results (FEM), two-zone model (2ZM) and linear stability analysis predictions (LSA) for
Material 1 with m = 0 (rate-independent) and § = 0 (isothermal conditions of deformation). Forming limit diagram, critical major
necking strain €7, versus critical minor necking strain ej,,, for loading conditions ranging from e, = 0 (x = 0, plane strain stretching)
to €5, = €y,. The cases for the material orientations 1) = 0° and ¢ = 90°, are compared with the corresponding isotropic von Mises
material for which F =G = H = 0.5 and L = M = N = 1.5. The imposed initial major strain rate is £7, = 10000 s~'. For the finite
element calculations and the two-zone model the normalized imperfection amplitude is A = 0.2%. In the linear stability analysis the
cumulative instability index is I™*°* = 3.25.
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and Duncan (1971) and Kuroda and Tvergaard (2000). This overall trend is also captured by both two-zone model
and stability analysis.

Similarly to the formability results presented in previous section for Material 1, the two-zone model provides
predictions which are closer than the stability analysis to the finite element results, notably for large values of .
On the other hand, for the four materials, both stability analysis and two-zone model predict the specific order of
the curves obtained for the two values of 1 and for the specialization to the isotropic von Mises material. Namely,
for Material 2 and Material 3 (TRIP-780 steel), Figs. 8a and 8b, the greatest formability is achieved for ¢ = 0°,
and the lowest for ¢» = 90°, with the intermediate values of €5, corresponding to the von Mises specialization.
These results are consistent with Sowerby and Duncan (1971) and Parmar and Mellor (1978) and the interpretation
provided in Section 6.1 on the influence of the Lankford coefficient in the formability: the fact that ry is minimum
and smaller than 1 for = 0° leads to the greatest critical major necking strains for ¢y = 0°, and the fact that ry
is maximum and greater than 1 for § = 90° leads to the lowest critical major necking strains for ¢» = 90° (see Fig.
2). Comparing the finite element results for these two materials, it is observed that the influence of anisotropy in
the formability results is particularly important for Material 2, and this trend is also captured by both two-zone
model and linear stability analysis. These results are also consistent with the fact that the increase of the Lankford
coefficient from 6 = 0° to 90° is more important for Material 2 than for Material 3 (see Fig. 2). On the other hand,
for Material 4 (AA 5182-0), Fig. 8c, the influence of material anisotropy on the formability is different than for
Material 2 and Material 3, so that now the lowest formability corresponds to the von Mises specialization (contrary
to Material 1 for which the largest formability was for the von Mises specialization, see Fig. 7). This also can be
interpreted in terms of rg which, for AA 5182-0, is lower than 1 for both § = 0° and 90°, leading to values of ¢,
for both material orientations, ¥ = 0° and 90°, which are greater than for the von Mises specialization (see Fig. 2).
For Material 5 (AA 6016-T4), Fig. 8d, the lowest fomability corresponds to the von Mises specialization, as in the
case of Material 4 (AA 5182-O). However, the greatest values of €5, are obtained for ¢ = 90°. These results are
explained because the Lankford coefficient is smaller than 1, which implies that the formability for both ¥ = 0°
and 90° is greater than for the von Mises specialization. In addition, since the smallest value of ry is obtained for
0 = 90°, the greatest values of the critical major necking strain are obtained for the material orientation ¢ = 90°
(see Fig. 2).

Even if our results show a clear correlation between formability and the value of the Lankford coefficient in
the main straining direction, it is worth emphasizing that, strictly speaking, the forming limit diagram of an

anisotropic material depends on the whole yield locus. For instance, it can be noticed that, for Material 1, the
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forming limit curves for the two orientations are very close while the Lankford coefficient in the transverse direction
is significantly larger than in the rolling direction (1 (0°) = 2.01 and 7y (90°) = 2.42), see Figs. 2 and 7. The weak
influence of orientation on the formability of Material 1 is probably related to the fact that its yield surface is nearly
symmetrical with respect to the o1 = oy line (Fig. 1a). Also, we have to mention that the strong influence of the
Lankford coefficient on formability is specific to the Hill 48 yield function. Indeed, several studies (dedicated to
quasi-static conditions) have shown that with non-quadratic yield criteria the influence of the Lankford coefficient

is much less pronounced (Parmar and Mellor, 1978; Graf and Hosford, 1990; Friedman and Pan, 2000).

6.3. The effect of loading rate

The results presented in this section correspond to Material 1, ..., Material 5, with m = 0 (rate-independent

0

materials) and $ = 0 (isothermal conditions of deformation), for imposed initial major strain rates £,

ranging
from 500 s~! to 50000 s~!. While the largest strain rates exceed the maximum values typically attained in high
energy rate forming processes, which are approximately 20000 s~! (see the Introduction of this paper), exploring

such a wide range of loading rates helps to enlighten the role of inertia in the formability of anisotropic materials.

As in Sections 6.1 and 6.2, A = 0.2% and I™*°* = 3.25.

Fig. 9 shows forming limit diagrams obtained with the finite element calculations, and the two theoretical

models, for loading cases ranging from plane strain stretching e, = 0 (ie. x=0)toel, =¢ The results

vy
are obtained for (a) Material 1, (b) Material 2, (¢) Material 3: TRIP-780 steel, (d) Material 4: AA 5182-O
and (e) Material 5: AA 6016-T4. The cases for the material orientations ¢ = 0° and 90° are compared with the
corresponding specialization to isotropic von Mises plasticity. The difference with Figs. 7 and 8 is that the imposed

initial major strain rate has been reduced by half €2, = 5000 s~!. The two-zone model results and the stability

analysis predictions show qualitative agreement with the finite element calculations for the five materials considered,

c

capturing the relative order of the 7, — €7,

curves obtained for the two values of i and for the specialization
to von Mises plasticity (the relative order of the curves is the same as in the case of €, = 10000 s™!). The
quantitative agreement between two-zone model and finite elements is excellent, for all the loading paths. On the
other hand, the predictions of the stability analysis gradually deviate from the finite element results as x increases.
As mentioned in Section 6.1, this difference is partially attributed to the fact in the two-zone model and the finite
element calculations the imperfection leads to strain gradients along the principal loading direction, such that

the ratio between minor and major strain when the necking condition is met is greater than the theoretical one

corresponding to the stability analysis (decreasing the imperfection amplitude improves the agreement between
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Figure 8: Comparison between finite element results (FEM), two-zone model (2ZM) and linear stability analysis predictions (LSA).
Forming limit diagram, critical major necking strain e;, versus critical minor necking strain €j,,, for loading conditions ranging from
gyy = 0 (x = 0, plane strain stretching) to €5, = ej,. The results correspond to (a) Material 2, (b) Material 3: TRIP-780 steel, (c)
Material 4: AA 5182-0, (d) Material 5: AA 6016-T4. The strain-rate sensitivity parameter is m = 0 (rate-independent materials) and
the Taylor-Quinney coefficient is § = 0 (isothermal conditions of deformation). The cases for the material orientations ¢ = 0° and
1 = 90°, are compared with the corresponding isotropic von Mises material for which F = G = H =05and L = M = N = 1.5.
The imposed initial major strain rate is €2, = 10000 s~'. For the finite element calculations and the two-zone model the normalized
imperfection amplitude is A = 0.2%. In the linear stability analysis the cumulative instability index is I™¢°* = 3.25.



36

linear stability analysis, two-zone model and finite elements, see Section 6.5). The hypothesis of I"** = constant
also seems to play a role in this disagreement.

Fig. 10 shows the same results as in Fig. 9 for an imposed initial major strain rate which is four times greater

c

¢ =20000 s~!. Notice that for the five materials considered, the relative order of the £, — Eqy

curves for ¢ = 0°,
¥ = 90° and the von Mises specialization, is the same obtained for lower strain rates in Figs. 7, 8 and 9. In
other words, the finite element calculations show that the strain rate does not change the relative influence of the

plastic anisotropy on the dynamic formability of the materials investigated, and such behaviour is captured by the

stability analysis and the two-zone model.
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The stabilizing effect of strain rate is brought out in Fig. 11, which shows the evolution of the critical major

0

o for the five materials considered and x = 0 (plane

necking strain ¢, with the imposed initial major strain rate
strain stretching). As in previous plots, results are presented for ¢ = 0°, 1) = 90° and the specialization to von Mises

material. The critical major necking strain increases nonlinearly with the axial strain rate displaying a concave-

0

U curves is very shallow until ~# 2000 s~! (the precise value depends

upwards shape. Namely, the slope of the £, —¢
on the material), when it starts to increase rapidly with the strain rate. This transition in the slope of the ¢, — &Y,
curves determines when inertia effects become important, leading to neck retardation and increasing material
formability (Jacques, 2020). Recall that inertia effects are size dependent and, if the specimen is thinner/thicker,
inertia effects become important for greater/smaller strain rates (see Fig. 11 in Jacques (2020)). The predictions
of the two-zone model find excellent agreement with the finite elements for all the strain rates investigated, while
the stability analysis underestimates the finite element results and the two-zone model calculations for the greater
strain rates considered. This disagreement is most likely due to the simple criterion used in the stability analysis,
which assumes that necking occurs for the same value of cumulative index I™¢* = 3.25 for all the strain rates.
Moreover, the increase of the critical major necking strain €f.. with the strain rate is largely independent of the
anisotropy (as anticipated by the comparison of Figs. 7, 8, 9 and 10), as evidenced by the fact that for the five

. . c .0
materials considered the e, —¢7..

curves for ¢ = 0°, ¢ = 90° and the von Mises specialization, are virtually parallel
to each other. However, the effect of inertia on the necking strain does depend on the material considered. For
instance, for the material orientation 1 = 0°, the two-zone model predicts that the increase of the critical major
necking strain from 100 s=! to 20000 s~! (maximum strain rate typically attained in high energy rate forming

. . -1 o -1 — &° 1 .
processes, see the Introduction of this paper), calculated as Ae§, %8802751 = e 20000 ralion , is 436%,

5§$|100 s—1
490%, 166%, 77% and 120% for Materials 1, ..., 5, respectively. Notice that, for aluminium alloys (Materials 4 and

5), with lower density than steel, inertia effects are less important, and the increase of necking strain with the strain
rate is smaller. On the other hand, the lower influence of inertia on Material 3, in comparison with Materials 1 and
2, is most likely due to the greater yield stress of TRIP-780 steel, which decreases inertial resistance to motion (see
equation (34)). Moreover, we have checked that the same overall trends and conclusions are obtained for loading
paths other than plane strain, however, we do not show additional plots for the sake of brevity. On the other hand,
it is worth mentioning that, as shown in the works of Rodriguez-Martinez et al. (2017) and Jacques (2020), the
increase of the loading parameter decreases the influence of inertia on neck formation. For instance, for ¢ = 0°

and greater loading parameter y = 0.5, the two-zone model predicts that the increase of the critical major necking
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strain Ae¢, %880£,§_1 is 95%, 45%, 22%, 10% and 17% for Materials 1, ..., 5, respectively. Notice that for the five
materials the value of Ae§, %8802_5171 is smaller than in the case of plane strain. For additional discussions on the
interplay between inertia and loading path, the reader is referred to Section 9 of Rodriguez-Martinez et al. (2017)

and Section 3.2 of Jacques (2020).



41

"GT'E = yooud ST XOPUT AY[IQRISUL SATIRINIUND O} SISATRUR A)[IqR)S IedUl] oY) U] “%g'( = V ST opnjridure woryosyrodur POZI[RULION S} [9POUT dUOZ-0M)
aY} PUR SUOIJR[NO[RD JUSWS[E YUY 9} I0] 'G'T = N = J§ = T PUR G0 = J = H = J Y2Iym I0J [eLIojeu SosIj\ UoA o1doIjost a1 yiim paredwod are ‘ (g = ¢ pue
o0 = (v ‘SUOTY0IIP OsIoASURI) PUR JUI[[OI S} M SOPIOUIOD UOI}0DIIP SUIPRO] Io[RUI O YOIYM UL S9sed oY ], *(UOIRULIOJOP JO SUOIJIPUOD [RULIDYIOSI) () = ¢ ST JUSIOIJO0D
Kouumn)-I014R], o1} pue (S[elIejew juepuadopur-ojer) () = wi ST Iojourered A)IATYISUSS 9feI-UTRIIS ST, T I-9T09 VV :G TRMdRIN (P) ‘O-C8TS VV ¥ [RLIRIN (0) ‘T001S
08L-dTd.L ‘€ [eleIBIN () ‘G TRyl () 03 puodser1oo synsor oy, *(Suryojeays urerss ouerd) ( = X st yyed Surpeol oy ], 5z oye1 urer)s tolew [eryrur pesoduwt snsioa *33
urer)s Surpoau [eonr) *(yS) suonorpaid sisAjeue Aj1[iqess reaul] pue (JN7Zg) [PPOW 9U0Z-0M) IeaUul[uou ‘(JNH) SHNSOI Juowo[e 9)1uy usamioq uostredwoy) 1T 231 g

®) (p)

XX XX
o3 ‘9)el ulesss [eixe |eniu| o3 ‘8jed ulesis [eixe [eniu]

000001 0000} 000} 00k 000001 00001 000} 00k
T T 0 T T 0

- ) _dz0 Q - dz0 Q
P = =
- 3 ——— 8
= e TS =
3 3
- q1vo £ - 4 vo £
o6=hws 5] 006="1vS1 o
o =S 00=MyS] === == S
00="VS1 o SOSI\| UOAYS] == === o)
SOSI UOAYST Q 06="NNZZ Q
,06="hNZZ o = O i o =
B i 490 3 - o0=MNNZg=— 190 5
00=NNZg ——— Q S8SII\ UONNZZ —— Q
SOSII| UOAINZZ ——— » 06="N34 2]
o08=MN34 3 “o-hnad e g
00=MNIS @ 5 seSIN UOANTS @ 5

| sesNUOANTY @ | o = | | o -
go % 80 o
“ o “ 3

0=X o=X
71-9109 YV S |eusje\ 0-¢8lS VV ¥ eldieN
I L L l

©)

(@)

(®)

XX
22 ‘ejel ulens [elxe [enu]

XX
03 ‘8)el ulens |eixe |eniu|

XX
2 ‘9jed ufeu)s [eixe [enu|

00000} 00004 0004 00} 000001 0000} 0004 00l 00000} 0000} 000} 00}
————— —————— ————— 0 —_ —_ ———— 0 s —————— —_— 0
P — y
Lt o =
- dz0 Q dz0 Q@ dz0 Q
= = =
Q o o
L Q o
006="MvS7 M w w
o 0=Myg]====-= 40 . - 4 vo 2. = 170 =
SOSI UOAYST] === = = o 006=M1yST e} 006=M1yST o)
g -z 0=MhyST > 0=y S
,06=NNZZ > ob=" > oD=" >
J0=hNzz o) SOSI)\ UOAYST] o) SOSI|\| UOAYST o)
SOSIN UOAINZZ uOﬂ oomusms_NN nlv,ul ,06="MNZZ m
= 06=h N34 190 5 + o0=MNZZ—— J 90 35 H 00="MNZZ 490 =
° 0=hpay @ « SOSI|\| UOAINZZ =—— « SOSI|\ UOAINZZ «
SOSIN UOANT] @ 4 006="N3d 4 006=AN3d a
! =S o=hpN34 @ o o=hKN34 @ ®
o 0 o 0 o
5 SOSIN UOANTd @ ) 5 SOSI UOANTY @ 5
- 4 g0 - - - 80 o - -1 80 s
WM o W o m )
0=% 0=X 0=X
198)s 08/-dIdL ‘€ [elsjelN C leusiey L leusien
TR n TR R n | AR n L L l




42

6.4. The effect of strain-rate sensitivity and adiabatic heating

The results shown in this section correspond to Material 1, with two different values of the strain-rate sensitivity
exponent m = 0.01 and 0.02, for isothermal (5 = 0) and adiabatic conditions of deformation (f = 0.9). Similar
values of the strain-rate sensitivity exponent have been reported in the literature for different metals and alloys
(e.g. see Hutchinson and Neale (1977)). The Taylor-Quinney coefficient § = 0.9 is a standard value generally
taken for metals and alloys (e.g. Bervik et al. (2001); Dey et al. (2004); Park et al. (2018)). As in Sections 6.1 and
6.2, €2 = 10000 s~!, A = 0.2% and I"** = 3.25.

Fig. 12 shows forming limit diagrams obtained with the three approaches developed in this paper. The cases
for the material orientations ¥ = 0° and 90° are compared with the corresponding specialization to isotropic von
Mises plasticity. The results correspond to (a) m = 0.01 and (b) m = 0.02. The Taylor-Quinney coefficient is

B =0 (isothermal conditions of deformation). The increase of the strain-rate sensitivity parameter delays necking

C

yy curves and increasing material formability. For instance, for y = 0 and

formation, shifting upwards the €5, — ¢
1 = 0°, the two-zone model predicts that the value of €5, increases from ~ 0.32 for the rate-independent material
(see Fig. 7) to ~ 0.39 for m = 0.02. Note that the effect of strain-rate hardening on neck retardation has been
previously shown in the literature, e.g. see Hutchinson and Neale (1977) and Audoly and Hutchinson (2019).

On the other hand, notice that the increase of the critical major necking strain with the strain-rate sensitivity

c¢ |m=0.02

Celm—p ~ predicted by the two-zone model, which is 21% for plane strain, is significantly smaller than

exponent Ae
the gain in €¢, obtained when the imposed initial major strain rate is increased from 100 s~ to 20000 s~*, which
is 436% (see Fig. 1la). This result shows that at high strain rates, the inertia effect is most likely the main
contributor to neck retardation (under quasi-static loading, when a power law relation is adopted, equation (6),
the increase in ductility due strain-rate sensitivity is independent of the prescribed strain-rate, see Hutchinson and

Neale (1977)). Moreover, for the results presented in this section, the increase of the critical major necking strain

with the material viscosity shows a mild variation with the loading path, since for material orientation ¥ = 0° and

C m=0.02
xx Im=0

C
Txr

Egz = Eyy» We have that Ae = 11%, being this value slightly smaller than for plane strain. On the other
hand, notice that the value of the strain-rate sensitivity parameter does not amend the effect of material anisotropy
in the forming limit diagram. In fact, the goal of presenting the results for different values of m in different plots
(instead of showing in each plot results for a given material orientation and different values of m) is to illustrate
that the effect of anisotropy in the formability remains virtually the same for different material viscosities. As in
the case of the rate-independent material (see Fig. 7), for m = 0.01 and 0.02 the critical major necking strains are

significantly greater for the von Mises specialization than for ¥ = 0° and ¥ = 90°, with increasing differences as
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the loading path moves away from plane strain. Notice also that for both values of m considered, the formability

of the material is slightly greater for ¢» = 0° than for ) = 90°.

1.4 ‘ 1.4 ‘
Material 1 Material 1
0 _ -1 0 _ -1
Lx 12 f €x=10000 s 1 % 12} £x=10000 s |
« m=0.01 « m=0.02
£ £
© B i Q) | i
O 1 O 1
- - ([ ]
17 ° 17
()] o
£ £
X 0.8 |- 1 Xx 0.8 |- N
O O
(&) ()
c c R
— o -
O 06 4 © o6} .
o ® FEM:von Mises © ® FEM:von Mises
e ® FEM:y=0° e A ® FEMwy=0°
T FEM:y=90° T AL FEM:y=90°
O 0.4 [ —— 2ZMwvon Mises | O 0.4 =2 2ZM:von Mises |
= R 2ZM:y=0° = R 2ZM:y=0°
(&) . 2ZM:y=90° O cr o 2ZM:y=90°
02 | € &y mmaa- LSA:von Mises | 02 |- o By e LSA:von Mises |
----- LSAy=0° --—--LSAy=0°
LSAy=90° LSAy=90°
0 | | | | | | 0 L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 0 0.2 0.4 0.6 0.8 1 1.2 14
Critical minor necking strain, e;y Critical minor necking strain, e;y
(a) (b)

Figure 12: Comparison between finite element results (FEM), nonlinear two-zone model (2ZM) and linear stability analysis predictions
(LSA). Forming limit diagram, critical major necking strain €5, versus critical minor necking strain €3, , for loading conditions ranging
from €5, = 0 (x = 0, plane strain stretching) to €5, = €j,. The results correspond to Material 1 with two different values of the
strain-rate sensitivity parameter: (a) m = 0.01 and (b) m = 0.02. The cases for the material orientations ¢y = 0° and ¢ = 90°, are
compared with the corresponding isotropic von Mises material for which F'= G = H = 0.5 and L = M = N = 1.5. The imposed initial

major strain rate is €2, = 10000 s~!. The Taylor-Quinney coefficient is 8 = 0 (isothermal conditions of deformation). For the finite

element calculations and the two-zone model the normalized imperfection amplitude is A = 0.2%. In the linear stability analysis the
cumulative instability index is I™*°* = 3.25.

Fig. 13 compares forming limit diagrams obtained with the three approaches developed in this paper, for
isothermal (8 = 0) and adiabatic (8 = 0.9) conditions of deformation. The strain-rate sensitivity exponent is
m = 0.01. The results correspond to (a) specialization to isotropic von Mises plasticity, (b) material orientation
1 = 0° and (c) material orientation ¥ = 90°. Notice that the scales of Figs. 13a and 13b-13c are different.
Thermal softening favors necking formation, decreasing material formability. The three approaches predict the
same trend, with the €, — €7, curves shifting downwards between 2% and 8% for 8 = 0.9, within the range of
loading paths considered. Moreover, these results indicate that thermal softening does not change the specific

influence of anisotropy on the material formability, suggesting that the conclusions derived in this work using

B =0 (see Sections 6.1, 6.2, 6.3 and 6.5) remain valid for adiabatic conditions of deformation.
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Figure 13: Comparison between finite element results (FEM), nonlinear two-zone model (2ZM) and linear stability analysis predictions
(LSA). Forming limit diagram, critical major necking strain €5, versus critical minor necking strain €, , for loading conditions ranging
from €5, = 0 (x = 0, plane strain stretching) to €5, = €,. The results correspond to Material 1 for: (a) specialization to von Mises
plasticity for which F = G = H = 0.5 and L = M = N = 1.5, (b) material orientation ¢ = 0° and (c) material orientation ¢ = 90°.
The strain-rate sensitivity parameter is m = 0.01. The imposed initial major strain rate is €2, = 10000 s~'. Results are shown for
isothermal (8 = 0) and adiabatic (5 = 0.9) conditions of deformation. For the finite element calculations and the two-zone model the
normalized imperfection amplitude is A = 0.2%. In the linear stability analysis the cumulative instability index is 1™*°* = 3.25.
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6.5. The effect of imperfection amplitude

The results shown in this section correspond to Material 1 with m = 0 (rate-independent material) and
=0 (isothermal conditions of deformation). The finite element calculations and the two-zone model have been
performed with two different values of the imperfection amplitude A = 0.02% and 2%, i.e. ten times smaller and
ten times greater than the imperfection amplitude used in the rest of the calculations of this paper. The value of
the cumulative index has been calibrated for these two additional imperfection amplitudes such that 1™ is 5.55
and 1.12, respectively, see Appendix B. Note that, as A increases, the cumulative instability index I™¢°* decreases
(see also Fig. 10 of Zheng et al. (2020) and the discussion therein, and Appendix C of N’souglo et al. (2020)). As
in Sections 6.1, 6.2 and 6.4, the imposed initial major strain rate is €0, = 10000 s~

Fig. 14 displays forming limit diagrams, ¢, versus ¢, , obtained with the unit-cell finite element calculations,

vy’

and the two theoretical approaches developed in this paper. The results for ¥y = 0° and 90° are compared with
the corresponding specialization to isotropic von Mises plasticity. The calculations correspond to (a) A = 0.02%
and (b) A = 2%. The critical major necking strain decreases as the imperfection amplitude increases and the
cumulative instability index decreases (notice that the scales of Figs. 14a and 14b are different). Obviously,
increasing the imperfection amplitude leads to early necking formation (e.g. see Hutchinson and Neale (1977),

Hutchinson et al. (1978a), Rodriguez-Martinez et al. (2017) and Jacques (2020)). Namely, the two-zone model

c 12%

predicts that for the material orientation ¢ = 0°, the variation in the critical major necking strain is Aeg, |§/020, =

130% for plane strain, and Asgx\g%Q% = 200% for €5, = ey, showing that for this material

E5aloy — €5alo.02% _

€5elo.02%
the role of the imperfection on necking formation is more important as the loading path moves away from plane

strain. Note that geometric imperfections have also been shown to promote early shear band formation in shear-
dominated problems in which flow localization occurs in the form of shear bands (e.g. Molinari and Clifton (1987)).
Moreover, the two-zone model predictions show excellent agreement with the finite element calculations for both
imperfection amplitudes, A = 0.02% and 2%, and for all the loading paths investigated (like for the calculations
with A = 0.2% shown in previous sections of this paper). In addition, the comparison between Figs. 14a and 14b
illustrates that the stability analysis predictions show better quantitative agreement with the two-zone model and
the finite elements for the smaller imperfection amplitude. The decrease of A reduces the gradients of strain along
the principal loading direction, such that the ratio between minor and major strain when the necking condition is
met in the two-zone model and the unit-cell calculations comes closer to the theoretical value calculated with the

Ineck

stability analysis (see Appendix D). Furthermore, the hypothesis of = constant seems to work better for a

wider range of loading paths, for small imperfection amplitudes.
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Figure 14: Comparison between finite element results (FEM), nonlinear two-zone model (2Z2M) and linear stability analysis predictions
(LSA). Forming limit diagram, critical major necking strain €3, versus critical minor necking strain ej,,, for loading conditions ranging
from €3, = 0 (x = 0, plane strain stretching) to €5, = ej,. The results correspond to Material 1. The two-zone model and finite element
calculations correspond to two different values of the imperfection amplitude, and the stability analysis results to two different values
of the cumulative instability index: (a) A = 0.02% and 1™*** = 5.55, and (b) A = 2% and I™** = 1.12. The cases for the material
orientations 1 = 0° and 1 = 90°, are compared with the corresponding isotropic von Mises material for which ' = G = H = 0.5 and
L = M = N = 1.5. The strain-rate sensitivity parameter is m = 0 (rate-independent) and the Taylor-Quinney coefficient is 3 = 0
(isothermal conditions of deformation). The imposed initial major strain rate is €2, =10000 s 1.
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7. Summary and concluding remarks

In this work we have developed a linear stability analysis and a nonlinear two-zone model, and have performed
unit-cell finite element calculations, to investigate the effect of inertia, material strain-rate sensitivity and adia-
batic heating in the formability of anisotropic metallic sheets subjected to dynamic biaxial stretching. We have
investigated loading paths ranging from plane strain tension to equibiaxial tension, and a wide range of strain

rates ranging from 100 s~! to 50000 s~ 1.

We have studied 5 different materials whose mechanical behavior is
described with an elastic isotropic, plastic anisotropic constitutive model with yielding based on Hill (1948) crite-
rion. Materials 1 and 2 are model materials with elastic properties and initial density representative of steel, and
anisotropy parameters and parameters of the yield stress that have been specifically tailored to heighten the effect
of anisotropy in dynamic formability. Materials 3, 4 and 5 are actual materials, namely, TRIP-780 steel, aluminium
alloy 5182-0O and aluminium alloy 6016-T4. The finite element calculations are carried out with ABAQUS /Explicit
(2016), using the unit-cell model developed by Rodriguez-Martinez et al. (2017) which includes a geometric imper-
fection to favor necking localization. The nonlinear two-zone model is based on the classical imperfection approach
of Marciniak and Kuczynski (1967), that was recently extended by Jacques (2020) to consider inertia effects, and
to include specific features to account for the hydrostatic stresses that develop inside a necked section. In this
paper, the formulation of Jacques (2020), that was originally developed for isotropic plasticity criteria, is enhanced
to consider anisotropic Hill (1948) materials. The stability analysis is an extension of the 2D model developed
by Zaera et al. (2015) for von Mises plasticity to consider materials with yielding based on Hill (1948) criterion.
Following the calibration procedure for the linear stability analysis proposed by N’souglo et al. (2020), we have
determined the critical instability conditions for which a perturbation mode turns into a necking mode, which
has enabled to construct forming limit diagrams with the stability analysis predictions, which are systematically
compared with the two-zone model results and the finite element calculations. A key outcome of this paper is
that both theoretical models predict the same trends shown by the finite element calculations for the necking
strains, and they capture the effect of anisotropy in dynamic formability for the 5 materials studied. These results
suggest that both nonlinear two-zone model and linear stability analysis take into account the key mechanisms
which control dynamic necking localization, and that they can be used to assess the workability of metallic ductile
sheets in high strain rate forming operations. Notably, the quantitative agreement between the two-zone model
predictions and the finite element results is excellent for all the loading paths and strain rates investigated. On the
other hand, the quantitative agreement between stability analysis predictions and finite elements depends on the

amplitude of the imperfection included in the numerical model, so that the smaller the imperfection amplitude,
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the better the quantitative agreement for a wider range of loading paths. The theoretical and finite element results
have shown also that the effect of anisotropy on dynamic formability increases as the loading path moves away
from plane strain and approaches equibiaxial tension, but it is not significantly affected by the prescribed strain
rate. This indicates that it is important to account for anisotropy in the analysis and design of high energy rate
forming processes. For the five materials studied, we have observed that the increase in ductility due to inertia
becomes significant when the applied strain rate goes beyond ~ 2000 s~! (the precise value depends on the material
and the plate thickness, and it is generally smaller for steels than for aluminium alloys). In addition, we have
demonstrated that for large strain rates, greater than 10000 s~! for the problem considered, inertia seems to be
the main factor responsible for neck retardation, more important than the viscosity effects for the standard values
of the strain-rate sensitivity exponent explored in this work. Furthermore, we have shown that, while thermal
softening favors necking localization, adiabatic heating has a mild effect in the dynamic formability. In summary,
this paper provides new analysis tools and specific results to build and interpret dynamic forming limit diagrams
of anisotropic ductile materials. In the present study, the Hill 48 plasticity model has been employed, but the
proposed methodologies can be easily extended to consider other anisotropic yield criteria. On the other hand,
notice that the analysis developed in this paper is specific for ductile materials for which necking occurs before
fracture. Analytical and finite element calculations impose that a neck is formed in the specimen, either including
a geometric imperfection in the case of the two-zone model and the finite element calculations, or introducing a
neck-like perturbation in the stability analysis. However, some authors (e.g. Makkouk et al. (2008) and Mu et al.

(2020)) have shown that fracture may occur before necking in metallic materials subjected to biaxial stretching.

Acknowledgements

The research leading to these results has received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme. Project PURPOSE, grant agreement

758056.

J.A.R.-M expresses sincere gratitude to Dr. Oana Cazacu (University of Florida, USA), Dr. Sébastien Mercier
(University of Lorraine, France) and Dr. Alain Molinari (University of Lorraine, France) for many helpful discus-

sions on anisotropic plasticity and dynamic instabilities.



49

Appendix A. Kinematics of the fundamental solution used in the linear stability model

We assume the following velocity field in the X direction and Y direction:

V,=¢% X
(A.1)
-0
Vy=¢,Y
where €0 and égy are the initial strain rates in the specimen. The displacement field, obtained by temporal

integration of previous expressions, is:

U, =V tX
(A.2)
-0
Uy = €y,tY
Moreover, the Eulerian coordinates are given by:
r=X+U,=(1+e,4) X
(A.3)
— — -0
y=Y +U, = (1+e,t)Y
and the deformation rates by:
g — oV, &,
xrr - .
ox  1+&Vt
0 (A.4)
A oV, €y
vy = = :
dy 1+t
Regarding the Z-direction, we use the incompressibility condition dg; + dyy + d.. = 0 to get:
-0 -0
IS 15
dop = — | —22— 4 W (A4.5)
= (1 +e0,t 140t
Therefore, we obtain:
-0 -0
£ [
V. =— )z
? (1 +0,t  14+E)t
VA

(1+€9,t) (1+¢e9,t)

1
U, =

((1 +e0,) (L+0,t) 1) Z
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The deformation gradients are:

Frp =142t

Fyy=1+¢)t (A.7)
1
(1+€9,t) (1+€9,t)

zZ

Appendix B. Calibration of the linear stability analysis

We have calibrated the linear stability analysis using unit-cell finite element calculations following the procedure
developed by N’souglo et al. (2020). Fig. B.15 shows the evolution of the major necking strain £7¢* with L°/h°
for the specialization of Material 1 to isotropic von Mises plasticity (obtained by imposing F' = G = H = 0.5 and
L =M = N = 1.5) with m = 0 (rate-independent material) and 5 = 0 (isothermal conditions of deformation). The
loading path is x = 0 (plane strain stretching) and the imposed initial major strain rate is €2, = 10000 s~!. The
critical major necking strain obtained in the finite element calculations (black solid markers) is 0.34 (minimum value
of £7¢°%). We perform the linear stability analysis using this critical major necking strain as the major logarithmic
strain for which the cumulative instability index is calculated. The resulting critical cumulative instability index
is 3.25 (see Section 3). We take this value of I as the cumulative instability index required to trigger a neck
Imeck — 325, Assuming that this value of I™*°* is the same for all perturbation wavelengths, we obtain the
stability analysis predictions corresponding to the dashed green curve reported in Fig. B.15 (for each value of
L°/h® we determine the value of the major logarithmic strain required to meet the condition I = I"*°* and this is
considered to be the major necking strain).

In this paper, we take I™°* = 3.25 for A = 0.2%, and all the loading paths, strain rates and materials
investigated. We are aware that this is a rather crude assumption, however, it enables to perform quantitative
comparisons between linear stability analysis, finite element simulations and two-zone model predictions. We

assume that I™°°* depends, only, on the imperfection amplitude of the unit-cell finite element calculations used for

the calibration, see Section 6.5.

For imperfection amplitudes different from A = 0.2%, it is necessary to re-calibrate the stability analysis.
For instance, following the procedure described above, we obtain I"¢* = 5.55 and 1.12 for A = 0.02% and 2%,
respectively (see Section 6.5). Alternatively, once I™°* is determined using finite elements for a given imperfection
amplitude, it is also possible to obtain an estimate on the influence of A on the cumulative instability index relying,

only, on the stability analysis, see Section 3. Considering the definition of the cumulative instability index, the
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Figure B.15: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA) for the specialization
of Material 1 to isotropic von Mises plasticity (FF = G = H = 0.5 and L = M = N = 1.5) with m = 0 (rate-independent) and
B = 0 (isothermal conditions of deformation). Major necking strain 7¢°* obtained using finite element simulations (FEM) and linear
stability analysis (LSA) versus L°/h°. Linear stability analysis results are shown for I™°“* = 3.25. In the finite element simulations
the amplitude of the imperfection is A = 0.2%. The imposed initial major strain rate is €2, = 10000 s~!. For interpretation of the
references to color in the text, the reader is referred to the web version of this article.

growth of the perturbation can be described by a relation of the form (Fressengeas and Molinari, 1994; El Mai

et al., 2014):

A(t) = A% (B.1)

with A () being the current perturbation amplitude, A° the initial amplitude of the perturbation and I (t) the
cumulative instability index. We can identify A° as the initial imperfection amplitude A. Considering two im-
perfection amplitudes A; and As, and assuming that localized necking occurs when the perturbation amplitude
reaches a critical value, the values of the cumulative instability index, I{‘“k and I;ec}c, associated to A7 and Ao,

are linked by the following relation:
A
peck _ neck — <;> (B.2)

The results obtained with previous expression are in reasonable agreement with the values I"¢°* fitted from

the finite element computations, see Table B.2.
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A I (FEM) I (Eq. (B.2))
0.02% 5.55 5.553
2% 1.12 0.947

Table B.2: Comparison between the values of the cumulative instability index I™°°* for A = 0.02% and A = 2% obtained with the
calibration based on the unit-cell finite element calculations (FEM) and with equation (B.2).

Appendix C. Stability analysis results using an alternative calibration procedure

Fig. C.16 compares forming limit diagrams obtained with the finite element calculations, the two-zone model
and the linear stability analysis, for loading cases ranging from plane strain stretching 7, = 0 (i.,e. x =0) to
€3z = Eyy- The results correspond to Material 1 and the imposed initial major strain rate is g = 10000 s~ L.
The cases for the material orientations v = 0° and 90° are compared with the corresponding specialization to
isotropic von Mises plasticity. The only difference with the results shown in Fig. 7 of Section 6.1 is that the linear
stability analysis predictions are obtained with greater cumulative instability index 1™ = 4.57. This value has
been determined following the procedure detailed in Appendix B, with the difference that the calibration of the
stability analysis has been performed for y = 0.5 instead of for plane strain. As in Fig. 7, the stability analysis
predictions are in qualitative agreement with the finite elements and the nonlinear two-zone model. The difference

is that the quantitative agreement is worse in the vicinity of plane strain, and slightly better near 5, = €7, , with

(&

vy
the stability analysis overpredicting the results derived from the finite elements and the two-zone model. However,
increasing the value of the critical cumulative instability index does not change the specific effect of anisotropy on
the forming limit diagram. These results indicate that the conclusions obtained in this paper with the stability

analysis regarding the influence of anisotropy on dynamic formability of ductile materials are largely independent

of the loading path used in the calibration procedure of the cumulative instability index.

Appendix D. Comparison of strain paths in the linear stability analysis, the two-zone model and

the finite element calculations

Fig. D.17 shows the evolution of the major logarithmic strain e;, with the minor logarithmic strain e, for
the specialization to von Mises plasticity of Material 1 (F =G =H =05and L = M = N = 1.5) with m =0
(rate-independent material) and 5 = 0 (isothermal conditions of deformation). Two different loading paths are

1

investigated x = 0.125 and 0.5. The imposed initial major strain rate is €2, = 10000 s~!. Two normalized

imperfection amplitudes, A = 0.02% and 2%, are considered in the finite element calculations and in the two-zone
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Figure C.16: Comparison between finite element results (FEM), two-zone model (2ZM) and linear stability analysis predictions (LSA)
for Material 1 with m = 0 (rate-independent material) and 8 = 0 (isothermal conditions of deformation). Forming limit diagram, critical
major necking strain €5, versus critical minor necking strain ey, for loading conditions ranging from e}, = 0 (x = 0, plane strain
stretching) to €5, = €j,. The cases for the material orientations 1 = 0° and ¢ = 90°, are compared with the corresponding isotropic
von Mises material for which F = G = H = 0.5 and L = M = N = 1.5. The imposed initial major strain rate is €2, = 10000 s~'.
For the finite element calculations and the two-zone model the normalized imperfection amplitude is A = 0.2%. In the linear stability

analysis the cumulative instability index is I™¢* = 4.57.



o4

model, with the end of the €, — gy, curves corresponding to the occurrence of localized necking. For the linear
stability analysis, the strain for which the necking condition is met is identified with a yellow marker, being the
cumulative instability index for A = 0.02% and 2%, I™** = 5.55 and 1.12, respectively (see Section 6.5 and
Appendix B).

The two-zone model shows very good agreement with the finite element calculations for the two imperfection
amplitudes and both loading paths. As the loading starts, the €., — €y, curves obtained with the two-zone model
and the finite elements coincide with the fundamental solution corresponding to the stability analysis (green dashed
curve). With the continuation of the deformation process, the results deviate from the fundamental solution —
because the imperfection leads to the development of strain gradients along the principal loading direction of the
specimen— with decreasing slope which tends to zero when the necking is fully formed. Hence, the ratio between
minor and major strain when necking occurs is greater than the theoretical value corresponding to the stability
analysis (the relation between e,, and €,, when necking occurs for the finite element calculations is indicated in
the plots). Furthermore, the increase of the imperfection amplitude causes that the two-zone model and the finite
elements deviate earlier from the fundamental solution, and that the ratio between minor and major strains when
necking occurs moves further away from the theoretical value. In addition, notice that the necking condition in the
stability analysis is attained for lower values of €,, and €y, than in the two-zone model and in the finite element
calculations. The greater relative differences —relative to the absolute values of €;, and e,,— correspond to x = 0.5
and A = 2%. This explains that the stability analysis underestimates the forming limit diagrams calculated with
the two-zone model and the finite elements in Section 6, with increasing differences as the loading path moves

away from plane strain and as the imperfection amplitude increases.
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