N

HAL

open science

Thick Separators

Luc Jaulin, Benoit Desrochers

» To cite this version:

Luc Jaulin, Benoit Desrochers. Thick Separators. Martine Ceberio; Vladik Kreinovich. Decision
Making under Constraints, 276, Springer, pp.125-131, 2020, Studies in Systems, Decision and Control,
978-3-030-40813-8. 10.1007/978-3-030-40814-5_15 . hal-02924180

HAL Id: hal-02924180
https://ensta-bretagne.hal.science/hal-02924180

Submitted on 3 May 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://ensta-bretagne.hal.science/hal-02924180
https://hal.archives-ouvertes.fr

Thick separators

Luc Jaulin and Benoit Desrochers

Lab-STICC, ENSTA Bretagne, Brest, France

Abstract. If an interval of R is an uncertain real number, a thick
set is an uncertain subset of R". More precisely, a thick set is an
interval of the powerset of R” equipped with the inclusion C as an order
relation. It can generally be defined by parameters or functions which
are not known exactly, but are known to belong to some intervals.
In this paper, we show how to use constraint propagation methods in
order to compute efficiently an inner and an outer approximations of
a thick set. The resulting inner/outer contraction are made using an
operator which is called a thick separator. Then, we show how thick
separators can be combined in order to compute with thick sets.

1 Thick sets

A thin set is a subset of R". It is qualified as thin because its boundary
is thin. In this section, we present the definition of thick sets.

Thick set. Denote by (P(R"),C), the powerset of R" equipped
with the inclusion C as an order relation. A thick set [X] of R" is
an interval of (P(R"), C). If [X] is a thick set of R™ | there exist two
subsets of R" | called the subset bound and the supset bound such that

[X] = X<, X°] ={XePR"X-CcXcCX}. (1)

Another representation for the thickset [X] is the partition {Xm, X7, X‘mt},
where

Xz’n — XC
X! = X°\XC (2)
Xewt = 7o,



The subset X’ is called the penumbra and plays an important role in the
characterization of thick sets [3]. Thick sets can be used to represent
uncertain sets (such as an uncertain map [4]) or a soft constraints [1].

2 Thick separators

To characterize a thin set using a paver, we may use a separator (which
is a pair of two contractors [8]) inside a paver. Separators can be
immediately generalized to thick sets. Now, the penumbra as a non-
zero volume for thick sets. For efficiency reasons, it is important to
avoid any accumulation of the paving deep inside the penumbra. This
is the role of thick separators to avoid as much as possible bisections
inside the penumbra.

Thick separators. A thick separator [S] for the thick set [X] is
an extension of the concept of separator to thick sets. More precisely,
a thick separator is a 3-uple of contractors {Si”,S?, SOUt} such that,
for all [x] € IR"

S™([x]) N X" = [x] N X"
S'(x))NX" = [x]nX’ (3)
Sout([x]) N Xout — [X] N Xout

In what follow, we define an algebra for thick separator in a similar
manner than what as been done for contractors [2] or for separators

[7]-

3 Algebra

In this section, we show how we can define operations for thick sets
(as a union, intersection, difference, etc.). The main motivation is to
be able to compute with thick sets.

Intersection. Consider two thick sets [X] = [X<,X°] and [Y] =
[Y<, Y] with thick separators [Sx] = {S¥',S%, 8¢} and [Sy] =



{8, Sy, 8¢ }. A thick separator for the thick set
[Z] = [25,27] = [X] N [Y] = [X= N Y=, X7 N Y] (4)
18

[Sz] - o AsE S S
= {SP s (SEnSE) U (SE NS L (SE N8 sp sy

(5)

Proof. We have

Zn = 7¢ = XS NY®S
— Xm N Ym
7' = Z°\ZE = X2 N Y2\ (XS NYS)

X2 NY°NXCNYES
X2 NY~ N (XCUYQ)
= (X"uX) N (Y"uY) N ((XUX)u(Y"UuY’))
(XFNY™) u(X'NY") U (X"NYY)
XNy
XouUY-?
— Xout U Yout.

Zout — Zj

From the separator algebra, we get that a contractor for Z™ is SJ' =
SN S, a contractor for Z7 is S = S LI S and a contractor
for Z' is

S = (SLNS¥) U (SENS) U (SPnsh). )

4 Using Karnaugh map

This expression could have been obtained using Figure 1.

Karnaugh map, as illustrated by Figure 2, can also can be used
to get the expression for thick separators a more clear manner. For
instance, if

[Z] = [X] U [Y], (7)

we read from the Karnaugh map



[X] (] (X [

Figure 1: Intersection of two thick sets. Red means inside, Blue means
outside and Orange means uncertain

Zin — Xm U Ym
Z' = (X'nY*")uX'nY’) U (X“NY’) (8)
Zout — Xout N Yout.
Therefore a thick separator for the thick set [Z] is
[Sz] = {8785, 87}

:{%u%ﬂ%m%ﬂu@@ﬁ@u@ym@,yqﬁ”

[Z] = [XIN[Y] U [YINIX, (10)

Now, if

we read

7in (Xm N Yout) U (Xout N Ym)
7' = X U Y? (11)
Zout  — (Xm N Ym) U (Xout N Yout) )

Therefore a thick separator for the thick set [Z] is

[Sz] = | ' {8y, S5, Sq}
= {SFuSy, (S5NSF) U (SxNSy) U (S NSy), St NS} .

(12)



x:’r.{ }K‘ me‘, W il X'ﬁ Xou.’ }\-.in- X':’ Xou.{

‘wilrin.
'\t]f':’
*\hrrn-u.r Tifrm.f: ‘;\_;(J.'rr.
[X] [Y] [X] N [Y]
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Figure 2: Karnaugh map

Note that when we build such an expression from a Karnaugh map,
fake boundaries may appear. They could be avoided using the method
proposed in [5].

Example. Take one box [x] as in Figure 3. We get

[Sx] ([x]) = {Sx", Sx. S5} (Ix]) = {[al, [x]. 0} (13)

where [a] the white box. Moreover,

[Se] ([x]) = {S¥', S, ¢} (Ix]) = {0, [x], 0} (14)



[X] [Y] [X] Y]

Figure 3: Ilustration of the intersection of two separators

Thus

[Sz] = {S%n7 szout} ([x])
(sggms\g{n)u(s mS) ( N SY) (X)),

S U S ([x]) 1
= { [a]n0. (XN u(x]nx)u(a]n[x]),0ud }
— {@7 [X],(Z)}

We conclude that [x] C Z™.

I
—

5 Test case

Interval linear system [10] [11] are linear systems of equations the coef-
ficients of which are uncertain and belong to some intervals. Consider
for instance the following interval linear system [9]:

{ 2,4] - 21 + [—2,0] - 29 € [—1,1]
[—1,1] - 21 4 [2,4] - 25 € [0,2]

For each constraint, a thick separator can be build and then combined

using Equation 5. A thick set inversion algorithm provides the paving
Figure 4. The solution set [X] = [X<, X~] has for supset bound the

(15)

6



Figure 4: Thick set corresponding to the test-case. Red boxes are inside
the thick solution set and the blue boxes are outside. The penumbra
corresponds to the orange boxes.

tolerable solution set X-(red+orange) and for subset bound X< the
united solution set (red) [6]. Note that inside the penumbra, no accu-
mulation can be observed.
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