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Abstract 

Th e ma in  g o a l  o f  t h is  pa per  is  t o  pr o po se so me a n a ly t ic a l  o r  pseu d o -

a n a l y t ic a l  t o o l s  f a c il it a t in g  t h e s t u d y  a n d  mo d el ing  o f  SMA h el ic a l  

spr in g -ba sed  a c t u a t o r s . Pa r t ic u l a r  a t t en t io n  is  pa id  t o  R-ph a se SMA 

h el ic a l  spr in g -ba sed  a c t u a t o r s  (i.e., spr in g s ma d e in  NiTi a n d  c o n c er n ed  

by  R-ph a se t r a n sf o r ma t io n  ph en o men a ). Fir s t , s impl if ied mo d el s  (i.e., ba sed  

o n  bea m t h eo r y  f r a mewo r k ) o f  R-ph a se SMA h el ic a l  spr in g s t a k in g  in t o  

a c c o u n t  d et w in n in g  a n d  a ss is t ed  t wo -wa y  memo r y  ef f ec t  a r e pr o po sed  

a n d  v a l id a t ed . Th en , t h ese mo d el s  a r e u sed  t o  d et ermin e t h e t h er mo -

mec h a n ic a l  beh a v io r  o f  a  l in ea r  bia s-spr in g  a c t u a t or . An  a c t u a t o r  is  

bu il t  a n d  u sed  t o  v a l id a t e t h e pr o po sed  mo d el s . 

Keywords —NiTi, R-ph a se Tr a n sf o r ma t io n , SMA l in ea r  b ia s-spr in g  

a c t u a t o r , s impl if ied  mo d el . 
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1. Introduction 

Sh a pe Memo r y  Al l o y s (SMAs) a r e o n e o f  t h e sma r t  ma t er ia l  f a mil ies  w it h  

a  g r ea t  po t en t ia l  f o r  a ppl ic a t io n s in  so me mo d er n  ac t iv e s t r u c t u r es, 

ma in l y  a s el ec t r ic a l  o r  t h er ma l  a c t u a t o r s , e .g . [1-8]. In d eed , t h ey  h a v e 

sev er a l  c h a r a c t er is t ic s  t h a t  ma k e t h em a t t r a c t iv e fo r  a c t u a t io n  

a ppl ic a t io n s: c o mpa c t  s ize, h ig h  po wer /weig h t  r a t io, h ig h  f a t ig u e 

r es is t a n c e t o  c y c l ic  mo t io n , a n d  spa r k -f r ee, c l ea n  a n d  n o isel ess 

o per a t io n  [9]. Th e in t er est ed  r ea d er  c a n  r ef er  t o  t h e f o l l o w in g  

r ef er en c es pr o v id in g  r ec en t  r ev iews f o c u sed  o n  a c t ua t o r s  t r ig g er ed  by  

sh a pe memo r y  a l l o y s [10-12]. 

SMA ba sed  a c t u a t o r s  g en er a l l y  wo r k  o n  Two -Wa y  Memo ry  Ef f ec t  

(TWME) a n d  mo r e pr ec isel y  o n  St r ess-Ass is t ed  Two -Wa y  Memo r y  Ef f ec t  

(SATWME). TWME is  d u e t o  t h e spo n t a n eo u s sh a pe r ec o v er y  ind u c ed  d u r in g  

t h e l o w  t emper a t u r e ma r t en s it ic  ph a se a n d  h ig h  t emper a t u r e a u st en it ic  

ph a se t r a n sf o r ma t io n s. Th is  u n iq u e a n d  r ema r k a bl e fu n c t io n a l  TWME is 

o bt a in ed  t y pic a l l y  a f t er  a  spec ia l  t h er mo -mec h a n ic al  pr o c ess c a l l ed  

t r a in in g  [13]. Wh en  t h e sh a pe memo r y  ma t er ia l  u n d er g o es a  t h er mal  

c y c l in g  a t  c o n st a n t  s t r ess in  pl a c e o f  t h e t r a in in g pr o c ed u r e, it  in d u c es  

s t r ess-a ss is t ed  t wo -wa y  memo r y  ef f ec t  in  wh ic h  ma r ten s it ic  

t r a n sf o r ma t io n  (o r  R-ph a se t r a n sf o r ma t io n ) is  a ss is t ed  by  t h e ex t er n a l  

s t r ess, e .g . [14]. Fig u r e 1 il l u s t r a t es t h e SATWME sc h ema t ic a l l y, wh er e  

Rf
0, As

0, Rs
0 a n d  Af

0  a r e t h e f o u r  c h a r a c t e r is t ic  t r a n sf o r ma t io n  

t emper a t u r es u n d er  zer o  s t r ess o f  t h e a l l o y. Th e t h er mo -mec h a n ic a l  

l o a d in g  is  c o n st it u t ed  by  t h e t wo  d if f er en t  s t a g es (Fig . 1). Th e f ir s t  s t a g e 

(i.e., pa t h  AB, Fig . 1) c o n s is t s  in  a ppl y in g  a  l o a d  a t  a  c o n st a n t  t emper a tu r e 

(i.e., a t  l o w  t emper a t u r e T0 ≤ Rf
0 ) d u r in g  wh ic h  t h e r eo r ien t a t io n  pr o c ess 

o f  t h er ma l -in d u c ed  ma r t en s it e , MT, (o r  t h er ma l -in d u c ed  R-ph a se, RT) 

t a k es pl a c e. Th en , t h e t h er ma l -in d u c ed  ma r t en s it e , MT, (o r  t h er ma l -

in d u c ed  R-ph a se, RT) is  pa r t ia l l y  o r  t o t a l l y  r epl a c ed  by  s t r ess-in d u c ed  

ma r t en s it e, Mσ (o r  s t r ess-in d u c ed  R-ph a se, Rσ). Af t er  t h a t , a  t h er ma l  

c y c l in g  u n d er  a  c o n st a n t  s t r ess l ev e l , τ0, (i.e., pa t h  BCD, Fig . 1) is  a ppl ied  

d u r in g  t h e sec o n d  s t a g e d u r in g  wh ic h  a  ma c r o sc o pic  ph a se 

t r a n sf o r ma t io n  s t r a in  o c c u r s. Th e r ev er se ph a se t r a n sf o r ma t io n  (i.e., 
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Mσ → A o r  Rσ → A) a n d  t h e f o r wa r d  ph a se t r a n sf o r ma t io n  (i.e., A → Mσ o r  A 

→ Rσ) t a k e pl a c e d u r in g  t h e h ea t in g  ph a se (i.e., bet ween  EF, Fig . 1) a n d  t h e 

c o o l in g  ph a se (i.e., bet ween  GH, Fig . 1), r espec t iv e l y . Th e t y pic a l  

h y st er et ic  t r a n sf o r ma t io n  beh a v io r  o f  Sh a pe Memo r y  Al l o y s c a n  be 

o bser v ed  in  t h e  t emper a t u r e-s t r a in  pl a n e o f  Fig . 1. 

Th e ma g n it u d e o f  SATWME d epen d s h ea v il y  o n  t h e s t r ess l ev e l  a n d  o n  

t h e mic r o st r u c t u r a l  c h a n g es su c h  a s d is l o c a t io n s, reo r ien t a t io n  o f  

ma r t en s it e v a r ia n t s  a n d  in t er n a l  s t r ess [14].        

Th u s, t h e l a r g e r ec o v er a bl e s t r a in  d ev el o pmen t  o c c ur r in g  d u r in g  

SATWME is  t h e ba s ic  pr in c ipl e in  t h e  o per a t in g  o f  SMA ba sed  a c t u a t o r s . 

Th er ef o r e, g en er a l l y , l in ea r  a c t u a t o r s  u s in g  sh a pe memo r y  ma t er ia l s 

h a v e a  d ev ic e t o  a mpl if y  t h e d ispl a c emen t  e it h er  t hr o u g h  t h e u se o f  

l o n g  s t r a ig h t  w ir es [15-17] o r  t h r o u g h  t h e u se o f  h e l ic a l  spr in g s [11, 18-

20]. 

  
Fig. 1. Sc h ema t ic  r epr esen t a t io n  o f  t h e s t r ess-a ss is t ed  t wo-wa y  memo r y  

ef f ec t . 

Desc r ipt io n  o f  t h e t h er mo -mec h a n ic a l  l o a d in g  in  t h e Temper a t u r e-St r ess  

pl a n e (T , τ). 

Respo n se o f  t h e ma t er ia l  in  t h e  Temper a t u r e-St r a in  (T , γ) a n d  t h e  St r a in -
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St r ess  (γ , τ) pl a n es .  

Lin ea r  SMA h el ic a l  spr in g -ba sed  a c t u a t o r s  a r e mo r e c o mpa c t  t h a n  SMA 

w ir e-ba sed  a c t u a t o r s . Th ey  g en er a l l y  c r ea t e h ig h er  d ef l ec t io n  a n d  

t h ey  h a v e bet t er  f a t ig u e per f o r ma n c es. SMA-ba sed  a ct u a t o r s  wo r k  

u n d er  a  c o n st a n t  o r  v a r y in g  f o r c e t o  per f o r m mec h a nic a l  wo r k . Th e 

a c t u a t o r  t h er ef o r e g en er a t es f o r c e a n d  mo t io n  u po n  h ea t in g  o r  

c o o l in g . Th e s impl est  mo d e o f  o per a t io n  is  t o  wo r k  a g a in st  a  c o n st a n t  

ex t er n a l  f o r c e. As  il l u s t r a t ed  in  Fig u r e 2, a  d ea d -weig h t  is  su spen d ed  

f r o m a n  SMA spr in g  a t  l o w  t emper a t u r e. Wh en  t h e  sprin g  is  h ea t ed  a bo v e 

a  c er t a in  t emper a t u r e, it s  l en g t h  c h a n g es. If  t h e temper a t u r e r et u r n s t o  

it s  in it ia l  v a l u e, t h e spr in g  r ec o v er s  it s  in it ia l  l en g t h . In  t h e ma jo r it y  o f  

a ppl ic a t io n s, t h e  d ea d -weig h t  is  r epl a c ed  by  a  b ia s-spr in g  (i.e., a  c l a ss ic  

el a st ic  spr in g ) [11]. Co n seq u en t l y , t h e sh a pe memo r y  a c t u a t o r s  wo r k  

u n d er  v a r y in g  f o r c es a n d  a r e a c t iv a t ed  by  h ea t  ex c ha n g es w it h  t h e 

en v ir o n men t  o r  by  Jo u l e ef f ec t . 

 

Fig. 2. Oper a t in g  a  s impl e SMA a c t u a t o r  c o n s is t in g  o f  a n  SMA h el ic a l  

spr in g  

a n d  a  d ea d -weig h t . 

Nev er t h e l ess, a l t h o u g h  a  g r ea t  n u mber  o f  pa t en t s  a nd  pr o t o t y pes h a v e 

been  issu ed  f o r  Sh a pe Memo r y  Al l o y  (SMA) a ppl ic a t ion s, f ew  o f  t h em a r e 

c o mmer c ia l l y  su c c essf u l . Th is  l imit ed  c o mmer c ia l  suc c ess is  d u e, o n  t h e 

o n e h a n d , t o  t h e c o mpl ex  a n d  pa r t ic u l a r  t h er mo -mec ha n ic a l  beh a v io r  o f  

SMAs (i.e., s t r o n g l y  n o n -l in ea r ) a n d  o n  t h e o t h er  h a n d , t o  a  l a c k  o f  
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s impl e t o o l s  t o  a id  t h e d es ig n er s  a n d  d ev el o per s  o f SMA a ppl ic a t io n s. 

Th er ef o r e, t h e ma in  g o a l  o f  t h is  pa per  is  t o  pr o po se so me a n a l y t ic a l  o r  

pseu d o -a n a l y t ic a l  t o o l s  f a c il it a t in g  t h e s t u d y  a n d  mo d el in g  o f  l in ea r  

SMA h el ic a l  spr in g -ba sed  a c t u a t o r s . A pa r t ic u l a r  a tt en t io n  is  pa id  t o  R-

ph a se SMA h el ic a l  spr in g -ba sed  a c t u a t o r s  (i.e., spr in g s ma d e in  NiTi a n d  

c o n c er n ed  by  t h e R-ph a se t r a n sf o r ma t io n  ph en o men a ). In d eed , in  t h e  

ma jo r it y  o f  NiTi a l l o y s, a n o t h er  ph a se, c a l l ed  t h e R-ph a se, c a n  o c c u r  in  

t h e ma t er ia l  [21-23]. Th e R-ph a se a ppea r s bef o r e ma r t en s it e f r o m 

a u st en it e  d u r in g  c o o l in g . Th e r ec o v er a bl e s t r a in  d ue t o  t h is 

in t er med ia t e ph a se t r a n sf o r ma t io n  is  l imit ed  (i.e., 0.25% t o  0.75%) wh en  

c o mpa r ed  w it h  t h a t  o f  t h e ma r t en s it e  s t r a in  (i.e., 6% t o  10%, [13, 23]). A 

sma l l  h y st er es is  a n d  a  g r ea t  s t a bil it y  o f  t h e t h er mo -mec h a n ic a l  

beh a v io r  (R-ph a se ⇆ a u st en it e) ma k e t h is  ph a se t r a n sf o r ma t io n  

in t er est in g  in  t h e c a se o f  c y c l ic  l o a d in g . Th is  is  wh y  ma n y  c o mmer c ia l  

NiTi a l l o y s f o r  spr in g  ma n u f a c t u r in g  h a v e been  d ev el o ped  t o  pr esen t  R-

ph a se t r a n sf o r ma t io n . 

A l a r g e n u mber  o f  (t h er mo -)mec h a n ic a l  mo d el s  o f  SMA h el ic a l  spr in g s 

h a v e been  pr o po sed  in  t h e l it er a t u r e w it h  t h e v a r iou s d eg r ees o f  

so ph is t ic a t io n . Th ese (t h er mo -)mec h a n ic a l  mo d el s  c an  be  c l a ss if ied  in t o  

t wo  l a r g e f a mil ies . Th e f ir s t  is  ba sed  o n  t h e u se  of  t h e f in it e  e l emen t  

met h o d  [24-32]. Th e sec o n d  is  ba sed  o n  bea m t h eo r y  a n d  c a n  be c o ns id er ed  

a s a  s impl if ied  a ppr o a c h  [33-42]. In  bo t h  c a ses, n o  mo d el  o f  SMA spr in g  

t a k es in t o  a c c o u n t  t h e spec if ic it ies  r e l a t ed  t o  t h e R-ph a se. 

Th e s t r u c t u r e o f  t h is  pa per  is  a s f o l l o ws: f ir s t  o f a l l , s impl if ied  mo d el s  

a d a pt ed  f o r  R-ph a se NiTi ba sed  h el ic a l  spr in g s a r e pr o po sed . Th e f ir s t  is  

d ed ic a t ed  t o  t h e d esc r ipt io n  o f  t h e r eo r ien t a t io n  pr o c ess o f  t h e R-ph a se 

in  a  h el ic a l  spr in g . Th e sec o n d  c o n c er n s t h e d esc r ipt io n  o f  t h e t h er mo -

mec h a n ic a l  beh a v io r  o f  a  s t r ess-a ss is t ed  t wo -wa y  memo r y  ef f ec t  spr in g . 

Th ese s impl if ied  mo d el s  a r e ba sed  o n  bea m t h eo r y  f ra mewo r k  in  wh ic h  

wel l -a d a pt ed  k in et ic s  o f  ph a se t r a n sf o r ma t io n s a r e c o n s id er ed . Th e t wo  

pr o po sed  mo d el s  a r e v a l id a t ed  u s in g  so me ex per imen ta l  r espo n ses o f  NiTi 

spr in g s. Th en , a  t h er mo -mec h a n ic a l  mo d el  o f  a  l in ear  b ia s-f o r c e 

a c t u a t o r  ba sed  o n  a  ser ia l  a sso c ia t io n  o f  a n  e l a st ic  h e l ic a l  spr in g  w it h  

a n  R-ph a se SMA h e l ic a l  spr in g  is  pr o po sed . A d emo n st r a to r  is  r ea l ized  
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a n d  u sed  t o  v a l id a t e t h e  pr o po sed  mo d el  o f  b ia s-f o rc e a c t u a t o r . 

2. A simplified mechanical model for a pseudo-plastic SMA helical spring 

2.1. Hypothesis 

It  is  a ssu med  t h a t  t h e ma t er ia l  c o n st it u t in g  a l l  t he c o n s id er ed  spr in g s 

is  h o mo g en eo u s a n d  iso t r o pic . Th e t h er mo -mec h a n ic a l mo d el s  pr o po sed  in  

t h e f o l l o w in g  h a v e been  d ev el o ped  a c c o r d in g  t o  t h e h el ic a l  spr in g  

t h eo r y  f r a mewo r k  [43-44]. Al l  h e l ic a l  spr in g s, c o n s id er ed  in  t h is  s t u d y , 

h a v e a  c o n st a n t  w ir e  d ia met er , r, a n d  a  c o n st a n t  mea n  d ia met er  o f  

spr in g , D, w it h  R = ½ D, t h e r a d iu s o f  spr in g . L0 is  t h e in it ia l  spr in g  l en g t h  

a n d  φ is  t h e spr in g  t il t  a n g l e (Fig . 3). An y  ex t er n a l  l oa d , F, is  a ppl ied  

a l o n g  t h e spr in g  a x is . So , t h e ex t er n a l  l o a d  a n d  t he d imen sio n s o f  t h e 

h el ic a l  spr in g  impl y  t h a t , l o c a l l y , t h e spr in g  w ir e is  su bjec t ed  t o  a  pu r e  

sh ea r  l o a d in g  [43-44]. 

 

 

Fig. 3. Def in it io n  o f  t h e g eo met r ic  pa r a met er s  o f  t h e l in ear  h el ic a l  

spr in g . 

Let  x be t h e r a d ia l  d is t a n c e bet ween  t h e c en t er  o f  t h e cir c u l a r  c r o ss-

sec t io n , O, a n d  a  po in t  M o f  t h e c r o ss-sec t io n  (Fig . 4). Th e l o c a l  sh ea r  

s t r a in , γ(M), is  ex pr essed  a s: 

 γ M( ) =θ ⋅ x
 
w it h  0 ≤ x ≤ r  (1) 

wh er e θ is  t h e  u n it a r y  t o r s io n  a n g l e . 
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Fig. 4. Sh ea r  s t r a in  d is t r ibu t io n  in  t h e  w ir e c r o ss-sec t io n o f  t h e  h el ic a l  

spr in g . 

Th e spr in g  d ef l ec t io n , f, c a n  be  ex pr essed  a s: 

 f = L − L0 = 2π nθ R2
 (2) 

wh er e L is  t h e spr in g  l en g t h  su bjec t ed  t o  a  l o a d in g  F a n d  n is  t h e n u mber  

o f  c o il s . Th e pr in c ipl e  o f  s t a t ic  eq u il ibr iu m o f  momen t s  a ppl ied  t o  a  

h el ic a l  spr in g  sec t io n  g iv es t h e r e l a t io n sh ip bet ween  t h e ex t er n a l  l o a d , 

F, a n d  t h e  t o r q u e, Mt, su bjec t ed  by  t h e  c r o ss-sec t io n : 

 M t = F
D

2
= τ M( )

S∫ ⋅ x dS  (4) 

At  t h is  s t a g e, a l l  t h e n ec essa r y  e l emen t s  t o  d ev el op d et w in n in g  a n d  

s t r ess-a ss is t ed  t wo -wa y  memo r y  h el ic a l  spr in g  t h er mo -mec h a n ic a l  

s impl if ied  mo d el s  a r e a v a il a bl e . 

2.2. Mechanical behavior of an R-phase pseudo-plastic SMA 

R-ph a se pseu d o -pl a s t ic it y , a l so  c a l l ed  R-ph a se d et w in n in g , c o n c er n s t h e  

iso t h er ma l  mec h a n ic a l  beh a v io r  o f  t h er ma l -in d u c ed  R-ph a se, RT. Un d er  

mec h a n ic a l  l o a d in g , t h e r eo r ien t a t io n  pr o c ess o f  RT t a k es pl a c e, g iv in g  

r ise t o  s t r ess-in d u c ed  R-ph a se, Rσ, a n d  t o  a  ma c r o sc o pic  s t r a in . Af t er  

u n l o a d in g , a  r es id u a l  s t r a in  (i.e., per ma n en t  s t r a in ) r ema in s wh ic h  c a n  

d isa ppea r  a f t er  a  h ea t in g ; it  is  t h e memo r y  ef f ec t . Th e pseu d o -pl a st ic  

beh a v io r  is  n o t  d ir ec t l y  u sed  in  t h e SMA a c t u a t o r s , bu t  it  is  v er y  

impo r t a n t  in  t h e a c t u a t o r  pr e-s t r a in in g  s t a g e (i.e., a ssembl y  s t ep). Th a t  is  

wh y  a  s impl if ied  mo d el  o f  mec h a n ic a l  beh a v io r  o f  a n R-ph a se pseu d o -

x 

γ 

O 

1 

θ 

r 
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pl a st ic  SMA h el ic a l  spr in g  t a k in g  in t o  a c c o u n t  t h e pec u l ia r it ies  o f  t h e  

mec h a n ic a l  beh a v io r  o f  t h er ma l -in d u c ed  R-ph a se, RT, is  pr o po sed  

h er ea f t er . 

Fig u r e  5 sh o ws t h e sc h ema t ic  d et w in n in g  beh a v io r  o f t h e t h er ma l -

in d u c ed  R-ph a se, RT, u n d er  a  pu r e  sh ea r  l o a d in g , τ. 

 
Fig. 5. Sc h ema t ic  d et w in n in g  beh a v io r  o f  t h e  t h er ma l -in d u c ed  R-ph a se 

u n d er  pu r e  sh ea r  l o a d in g . 

Let  τc r epr esen t  t h e y ie l d  r eo r ien t a t io n  sh ea r  s t r ess. Thu s, u n t il  τ ≤ τ c
, 

t h e mec h a n ic a l  beh a v io r  is  pu r e l y  e l a s t ic : 

 τ = GR ⋅γ = GR ⋅γe
 (5) 

wh er e GR
 is  t h e sh ea r  mo d u l u s o f  t h e t h er ma l -in d u c ed  R-ph a se, γ  a n d  γe

 

a r e t h e  t o t a l  a n d  t h e e l a st ic  sh ea r  s t r a in , r espec tiv el y . 

On c e τ > τ c
, t h e r eo r ien t a t io n  pr o c ess o f  t h er ma l -in d u c ed  R-ph a se t a k es  

pl a c e, g iv in g  r ise t o  a  r eo r ien t a t io n  s t r a in , γ r
, d ef in ed  by : 

 γ = γe +γ r = τ
GR

+γ r  (6) 

Co n s id er in g  t h e sc h ema t ic  d et w in n in g  beh a v io r  o f  t he t h er ma l -in d u c ed  

R-ph a se (Fig . 5), a  l in ea r  "pseu d o -h a r d en in g " is  a ssu med  t o  t a k e in t o  

a c c o u n t  t h e ev o l u t io n  o f  t h e r eo r ien t a t io n  y iel d  s tr ess w it h  t h e 

r eo r ien t a t io n  s t r a in : 

 γ = γe +γ r = τ
GR

γe

{

+
τ −τ c( )
β GR

γr

124 34

⇒ τ = β GR

1+ β
γ + τ c

1+ β
 (7) 
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wh er e β is  a  ma t er ia l  pa r a met er  a n d  β GR( )  r epr esen t s  t h e pseu d o -

h a r d en in g  mo d u l u s  u n d er  pu r e  sh ea r  l o a d in g . 

Co n seq u en t l y , t h e c o n st it u t iv e eq u a t io n s o f  t h e mech a n ic a l  beh a v io r  o f  

t h e t h er ma l -in d u c ed  R-ph a se, u n d er  mo n o t o n ic  pu r e sh ea r  l o a d in g , c a n  

be su mma r ized  a s  f o l l o ws: 

 

τ = GRγe = GRγ for τ ≤ τ c

τ = τ c

1+ β
+ β

1+ β
GRγ for τ > τ c













 (8) 

 

2.3. Mechanical behavior of a pseudo-plastic SMA helical spring 

Th e c o n st it u t iv e ma t er ia l  mo d el , g iv en  by  Eq n . (8), c a n  be in t r o d u c ed  in  

t h e mec h a n ic a l  beh a v io r  o f  t h e R-ph a se pseu d o -pl a st ic  SMA h el ic a l  

spr in g . Fig u r es  6a -c  sh o w sh ea r  s t r a in  a n d  sh ea r  s tr ess d is t r ibu t io n s in  

t h e spr in g  c r o ss-sec t io n . 

- a  - - b  - - c  - 

Fig. 6. Sh ea r  s t r a in  a n d  s t r ess  d is t r ibu t io n s in  t h e  w ir e  cr o ss-sec t io n  o f  

t h e h el ic a l  spr in g : 

- a  - sh ea r  s t r a in  d is t r ibu t io n , (γ x( ) =θ ⋅ x) 

- b  - sh ea r  s t r ess  d is t r ibu t io n  f o r  τ r( ) ≤ τ c  (i.e., e l a st ic  c a se) 

- c  - sh ea r  s t r ess  d is t r ibu t io n  f o r  τ r( ) > τ c  (i.e., pseu d o -pl a st ic  

c a se) 

Th u s, t h e r e l a t io n  bet ween  t h e t o r q u e su bjec t ed  by  t h e c r o ss-sec t io n , Mt, 

x 

γ 

O 

1 

θ 

r 

x 

τ 

O 

1 

GRθ 

r 
x 

τ 

O 

1 

GRθ 

r 
rc 
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a n d  t h e u n it a r y  t o r s io n  a n g l e, θ, is  g iv en  by  t h e eq u il ibr iu m mo men t  

eq u a t io n  o f  t h e w ir e c r o ss-sec t io n  o f  t h e h el ic a l  spr in g: 

 

M t = F
D

2
= τ x( )

S∫ ⋅ x ⋅2π x dx= 2π GRθ x3 dx
0

r

∫ if F ≤ τ c π r 3

D

M t = F
D

2
= τ x( )

S∫ ⋅ x ⋅2π x dx= 2π GRθ x3 dx
0

rc∫ + 2π τ c + β GRθ x

1+ βrc

r

∫ x2dx if F >
τ c π r 3

D














 (9) 

In  t h e l a s t  r el a t io n , rc
 is  t h e r a d iu s wh er e t h e sh ea r  s t r ess r ea c h es t h e 

y ie l d  r eo r ien t a t io n  sh ea r  s t r ess , τ c
: 

 τ c = GR ⋅γ x = rc( ) = GR ⋅θ ⋅ rc ⇒ rc = τ c

GR ⋅θ
 (10) 

Fin a l l y , t h e t o r q u e su bjec t ed  by  t h e c r o ss-sec t io n , Mt, is  g iv en  by  t h e 

f o l l o w in g  r el a t io n : 

 

M t = F
D

2
= π GRθ r 4

2
if F ≤ τ c π r 3

D

M t = F
D

2
= π GRθ rc

4

2
+ 2π

3
τ c r 3 − rc

3( ) + 2π β
1+ β

GRθ r 4

4
− rc r 3

3
+ rc

4

12









 if F > τ c π r 3

D














 (11) 

Fin a l l y , by  c o n s id er in g  Eq n s. (2), (10) a n d  (11), on e c a n  f in d  t h e r e l a t io n  

bet ween  t h e  ex t er n a l  l o a d , F, a n d  t h e  spr in g  d ef l ec t io n , f: 

 

F = GR d4

8n D3
f if F ≤ τ c π r 3

D

F = π τ c d3

6D

1

1+ β








 1− 1

4

nπ τ c D2

dGR f











3












+ β

1+ β
GR d4

8n D3
f if F > τ c π r 3

D













 (12) 

Eq u a t io n  (12) r epr esen t s  a n  a n a l y t ic a l  ex pr ess io n  of  t h e mec h a n ic a l  

beh a v io r  o f  a n  R-ph a se pseu d o -pl a st ic  SMA h el ic a l  spr in g . Th is  t y pe o f  

mo d el  (i.e., a n a l y t ic a l  mo d el ) g iv es, in  a  s impl e wa y , t h e in fl u en c e o f  t h e 

s ix  g eo met r ic  a n d  ma t er ia l  pa r a met er s  (i.e., D, d, n, GR, τc a n d  β) o n  t h e  

mec h a n ic a l  r espo n se o f  t h e spr in g . Fig u r e 7 sh o ws th e ev o l u t io n  o f  t h e 

ex t er n a l  l o a d , F, a s  a  f u n c t io n  o f  t h e h el ic a l  spr in g  d ef l ec t io n , f. 
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Fig. 7. Mec h a n ic a l  beh a v io r  o f  a n  R-ph a se pseu d o  pl a st ic  SMA h el ic a l  

spr in g . 

Ex t er n a l  l o a d , F, v er su s spr in g  d ef l ec t io n , f. 

(Va l u es o f  t h e s ix  pa r a met er s : D = 6,3 mm, d = 0,75 mm, n = 24, GR = 20 000 MPa , τc = 26,6 MPa  

a n d  β = 0,01) 

 

2.4. Identification of the simplified pseudo-plastic SMA helical spring model 

Th is  sec t io n  is  d ev o t ed  t o  t h e d esc r ipt io n  a n d  t h e r ea l iza t io n  o f  

mec h a n ic a l  t es t s  o n  a n  SMA h el ic a l  spr in g . Th e ex per imen t a l  r esu l t s  

wer e u sed  t o  id en t if y  t h e s impl if ied  mec h a n ic a l  mo del  pr esen t ed  in  t h e 

pr ev io u s sec t io n . 

An  ex per imen t a l  a ppa r a t u s, c o mpr is in g  a n  e l ec t r o mech a n ic a l  t es t in g  

ma c h in e w it h  a  t h er ma l  c h a mber  o f  u p t o  300°C, wa s empl o y ed  t o  

in v est ig a t e t h e t h er mo mec h a n ic a l  beh a v io r  o f  SMA h el ic a l  spr in g s. Th e 

set  u p h a d  a  50 N l o a d  c e l l  a n d  a  v er y  sen s it iv e d ispl a c emen t  sen so r  (i.e., 

5 µm r eso l u t io n ). An  SMA NiTi (i.e., Nic k e l  Tit a n iu m) h el ic a l  spr in g  w it h  a  

d ia met er , D, o f  6.3 mm, a  w ir e d ia met er  o f  0.75 mm a n d  24 a c t iv e c o il s  wa s 

u sed . Th e c h a r a c t e r is t ic  t r a n sf o r ma t io n  t emper a t u r es o f  o u r  NiTi a l l o y  

wer e d et er min ed  u s in g  DSC a n a l y s is . Th e f o u r  t r a n sfo r ma t io n  

t emper a t u r es, Rf
0, Rs

0, As
0  and Af

0 , a r e  g iv en  in  Ta bl e  1. Ou r  SMA NiTi h e l ic a l  

spr in g  wa s in  a n  R-ph a se s t a t e a t  r o o m t emper a t u r e. Fin a l l y , t h e SMA 
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spr in g  wa s  d ir ec t l y  c o n n ec t ed  t o  t h e  ma c h in e 's  ja ws (Fig . 8). 

Th en , a  s impl e t en s il e  t es t  u n d er  d ispl a c emen t  c o n tr o l  a t  r o o m 

t emper a t u r e (i.e., 22°C), in  q u a s i-s t a t ic  c o n d it io n s, wa s per f o r med . Fig u r e 9 

sh o ws t h e d ef l ec t io n /f o r c e r espo n se c u r v e o f  t h e h el ic a l  spr in g . 

Bet ween  po in t s  A a n d  B, t h e spr in g  beh a v io r  wa s e l ast ic  a n d  bet ween  

po in t s  B a n d  C, R-ph a se d et w in n in g  t o o k  pl a c e. Th e c o mpa r iso n  bet ween  

ex per imen t a l  r esu l t s  a n d  t h e s impl if ied  mec h a n ic a l  mo d el  pr o po sed  is 

a l so  sh o wn  in  Fig . 9. Th e t h r ee ma t er ia l  pa r a met er s, GR, τc a n d  β (Eq n . (12)), 

h a v e been  id en t if ied  by  min imiza t io n , in  a  l ea st -sq u a r es sen se, o f  t h e  

d is t a n c e bet ween  mo d el  r espo n se a n d  ex per imen t a l  d at a. Ta bl e  2 g iv es 

t h e n u mer ic a l  v a l u es o f  t h e s ix  pa r a met er s  o f  t h e simpl if ied  R-ph a se 

pseu d o -pl a st ic  SMA h el ic a l  spr in g  mo d e l  pr o po sed . 

 

R-ph a se f in ish  

t emper a t u r e, Rf
0
 

R-ph a se st a r t  

t emper a t u r e, Rs
0
 

Au st en it e  s t a r t  

t emper a t u r e, As
0
 

Au st en it e  f in ish  

t emper a t u r e, Af
0
 

35 °C 45 °C 39 °C 51,5 °C 

Tab. 1. Th e c h a r a c t er is t ic  t r a n sf o r ma t io n  t emper a t u r es  o f  th e NiTi 

spr in g . 

 

 

D (mm) d (mm) n GR (MPa ) τc (MPa ) β 

6.3 0.75 24 20000 27 3.2 

Tab. 2. Th e s ix  id en t if ied  pa r a met er s  o f  t h e s impl if ied  pseu d o -pl a st ic  SMA 

spr in g  mo d el . 
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Fig. 8. Ex per imen t a l  set  u p f o r  d et w in n in g  t en s il e  t es t  o n  t h e NiTi SMA 

h el ic a l  spr in g . 

 

 

 

Fig. 9. Def l ec t io n /f o r c e r espo n se c u r v es o f  t h e  NiTi SMA h el ic a l  spr in g  a t  

r o o m t emper a t u r e. 
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3. A simplified thermo-mechanical model for a stress-assisted two-way SMA helical 

spring 

3.1. Hypothesis 

In  t h is  sec t io n , a  s impl if ied  mo d el  o f  t h e t h er mo -mec h a n ic a l  beh a v io r  o f  

a  s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA spr in g  t a k in g  in t o  a c c o u n t  t h e 

pec u l ia r it ies  o f  t h e  SATWME o f  R-ph a se is  pr o po sed . 

Th u s, t h e ma in  g o a l  is  t o  pr o po se a  t h er mo -mec h a n ica l  mo d el  a bl e t o  

d esc r ibe t h e beh a v io r  o f  a n  R-ph a se SMA spr in g  su bjec t ed  t o  a  t h er ma l  

l o a d in g  u n d er  c o n st a n t  l o a d  (Fig . 2). As pr ev io u s l y men t io n ed , 

pa r t ic u l a r  a t t en t io n  is  pa id  t o  t h e SATWME o f  t h e R-ph a se a n d  t o  c y c l ic  

t h er ma l  l o a d in g s.  

Th e h y po t h es is  a n d  t h e n o t a t io n s u sed  in  t h is  sec t io n  a r e t h e sa me a s 

t h o se c o n s id er ed  in  t h e pr ev io u s  sec t io n  (i.e., § 2). 

3.2. Thermo-mechanical behavior of a stress-assisted two-way SMA 

Cl a ss ic a l l y , t h er e a r e t wo  d if f er en t  wa y s t o  o bt a in t h e SATWME. Th e 

f ir s t , a s  ex pl a in ed  in  t h e in t r o d u c t io n  (Fig . 1), is  r ea l ized  by  f ir s t  

a ppl y in g  a n  iso t h er ma l  mec h a n ic a l  l o a d in g  in  t h e t her ma l -in d u c ed  R-

ph a se s t a t e, RT, u n t il  a  s t r ess l ev el  h ig h er  t h a n  r eo r ien t a t io n  y ie l d  

s t r ess (pa t h  AB, Fig . 1). Th is  a ppl ied  s t r ess is  main t a in ed  a t  a  c o n st a n t  a n d  

t h en  a  t h er ma l  c y c l in g  is  per f o r med  (pa t h  BCD, Fig . 1). Du r in g  t h is  

t h er ma l  c y c l e , t h e s t r ess-in d u c ed  R-ph a se, Rσ, t r a n sf o r ms in t o  t h e  

a u st en it e  ph a se. Th e sec o n d  so l u t io n  is  o bt a in ed  by f ir s t  a ppl y in g  a n  

iso t h er ma l  mec h a n ic a l  l o a d in g  in  t h e a u st en it e ph a se s t a t e (T > Af
0 ) (pa t h  

A'B', Fig . 10). Th is  a ppl ied  s t r ess is  ma in t a in ed  at  a  c o n st a n t  a n d  t h en  a  

t h er ma l  c y c l in g  is  per f o r med  (pa t h  B'C'B', Fig . 10). Du r in g  t h is  t h er ma l  

c y c l e , t h e a u st en it e ph a se t r a n sf o r ms in t o  t h e s t r ess-in d u c ed  R-ph a se, Rσ. 

In  bo t h  c a ses, a  r ec o v er a bl e s t r a in  u p t o  0.75% c a n be g en er a t ed , a n d  

t h a t  is  d ir ec t l y  u sed  in  t h e f u n c t io n in g  o f  t h e R-ph a se Sh a pe Memo r y  

Al l o y  h el ic a l  spr in g  ba sed  a c t u a t o r s . 

Bef o r e pr o po s in g  a  t h er mo -mec h a n ic a l  mo d el  d esc r ibin g  t h e beh a v io r  o f  

a  s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA spr in g , c o n st it u t iv e eq u a t io n s f o r  

a ss is t ed  t wo -wa y  memo r y  ef f ec t  a r e  pr o po sed . 

In  a  sma l l  per t u r ba t io n  f r a mewo r k , t h e f o l l o w in g  shea r  s t r a in  
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d ec o mpo sit io n  is  a ssu med : 

 γ = γ e +γ tr +γ cd
 (13) 

wh er e γ e
 is  t h e e l a st ic  sh ea r  s t r a in  r e l a t ed  t o  t h e sh ea r  st r ess, τ, 

r epr esen t ed  by  t h e f o l l o w in g  eq u a t io n : 

 γ e = τ
G

 (14) 

wh er e G is  t h e sh ea r  mo d u l u s  o f  t h e ma t er ia l  g iv en  by : 

 G = GA 1− z( ) +GR z (15) 

wh er e GA a n d  GR a r e t h e sh ea r  mo d u l u s o f  t h e a u st en it e a n d  t h e R-ph a se, 

r espec t iv e l y , a n d  z is  t h e v o l u me f r a c t io n  o f  t h e  s t r ess-in d u c ed  R-ph a se. 

γ tr

 is  t h e sh ea r  s t r a in  d u e t o  t h e ph a se t r a n sf o r ma t io n bet ween  t h e 

a u st en it e  a n d  s t r ess-in d u c ed  R-ph a se a n d  γ cd
 is  t h e sh ea r  s t r a in  

a sso c ia t ed  t o  a  spec ia l  d ef o r ma t io n  mec h a n ism o f  t he R-ph a se c a l l ed  R-

ph a se c o n t in u o u s d is t o r t io n  [21-22]. Ac c o r d in g  t o  t h e ex per imen t a l  

r esu l t s  o f  Šit t n er  a n d  h is  c o l l ea g u es [21-22], t h e R-ph a se c o n t in u o u s 

d is t o r t io n  sh ea r  s t r a in  c a n  be  wr it t en  a s: 

 γ cd = −a⋅ T −Tref( ) ⋅ z (16) 

wh er e T is  t h e t emper a t u r e a n d  a a  ma t er ia l  pa r a met er . Eq n . (16) c a n  be 

ju s t if ied  by  t wo  ex per imen t a l  o bser v a t io n s. Fir s t , t h er e is  n o  c o n t in u o u s 

d is t o r t io n  w it h o u t  R-ph a se (i.e., z = 0). Sec o n d , wh en  t h er e is  n o  a u st en it e, 

t h e c o n t in u o u s d ist o r t io n  s t r a in  is  a  l in ea r  d ec r eas in g  f u n c t io n  o f  t h e 

t emper a t u r e r ise, T −Tref( ). 
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Fig. 10. Sc h ema t ic  r epr esen t a t io n  o f  t h e  s t r ess-a ss is t ed  t wo -wa y  memo r y  

ef f ec t . 

Desc r ipt io n  o f  t h e t h er mo -mec h a n ic a l  l o a d in g  in  t h e Temper a t u r e-St r ess  

pl a n e (T , τ). 

Respo n se o f  t h e ma t er ia l  in  t h e  Temper a t u r e-St r a in  (T , γ) a n d  t h e  St r a in -

St r ess  (γ , τ) pl a n es . 

 

 

A l in ea r  r e l a t io n  bet ween  t h e t r a n sf o r ma t io n  s t r a in a n d  t h e v o l u me 

f r a c t io n  o f  s t r ess-in d u c ed  R-ph a se h a s been  ex per imen t a l l y  v a l id a t ed  by  

Ta il l a r d  et al. [45]: 

 γ tr = µ tr z (17) 

wh er e µ tr
 is  t h e ma x imu m t r a n sf o r ma t io n  sh ea r  s t r a in  o f  t h e  ma t er ia l . 

Eq n s. (13), (14), (15), (16) a n d  (17) g iv e: 

 γ = τ
GA 1− z( ) + GR z

+ µ tr − a⋅ T −Tref( )( )⋅ z (18) 

Th u s, t h e l a s t  s t ep is  t o  d ef in e t h e t r a n sf o r ma t io n k in et ic s  d esc r ibin g  

t h e ev o l u t io n  o f  t h e v o l u me f r a c t io n  o f  s t r ess-in d uc ed  R-ph a se, z, d u r in g  

T 
Rf

0 Af
0Rs

0As
0

τ 

A’ 

B’ C’ 

τ0 

T 

γ 

γ0 

τ 

A’ 

B’ C’ 

A’ 

B’ 

C’ 
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t h e t h er mo -mec h a n ic a l  l o a d in g . We a ssu me t h a t  t h e st r ess l ev e l , τ 0
 

(Fig . 10), is  sma l l er  t h a n  t h e y ie l d  s t r ess o f  t h e a u st en it e  (i.e., o n set  

t r a n sf o r ma t io n  s t r ess) a n d  h ig h  en o u g h  t o  in d u c e max ima l  

t r a n sf o r ma t io n  s t r a in  d u r in g  t h e t h er ma l  l o a d in g  (i.e., pa t h  B'C'B', 

Fig . 10). In  t h ese c o n d it io n s, t h e v o l u me f r a c t io n  o f  t h e s t r ess-in d u c ed  R-

ph a se d epen d s o n l y  o n  t h e t emper a t u r e, T, o n  t h e s ig n  o f  t h e t emper a t u r e 

v a r ia t io n , sign &T( ) , o n  t h e  s t r ess l ev el , τ , a n d  o n  t wo  memo r y  v a r ia bl es, v 

a n d  w, d ef in ed  in  t h e f o l l o w in g . Th e v a r ia bl es, v a n d  w w il l  en a bl e t h e 

in t er n a l  h y st er es is  l o o ps t o  be ma n a g ed  s impl y . 

Th e en v el o pe o f  t h e r espo n se o f  t h e ma t er ia l , d en o ted  a s ze, c a n  be 

mo d el ed  by  mea n s o f  t wo  br a n c h es. Th e f ir s t  c o r r espo n d s t o  t h e h ea t in g  

ph a se a n d  t h e sec o n d  t o  t h e  c o o l in g  ph a se: 

 ze T,τ( ) =
ψ1 T,τ( ) +1 if &T > 0

ψ2 T,τ( ) if &T ≤ 0









 (19) 

wh er e  a n d   a r e  t w o  sh a pe f u n c t io n s  d ef in ed  a s  f o l lo ws: 

 

ψ1 T,τ( ) = − 1

2
1+sign T− A τ( )( ) × 1-exp −C T− A τ( )( )( )





ψ2 T,τ( ) = 1

2
1-sign T− R τ( )( ) × 1-exp −C T − R τ( )( )( )

















 (20) 

w it h : 

 

A τ( ) =
As

0 + Af
0

2
+ λ ⋅τ

R τ( ) =
Rs

0 + Rf
0

2
+ λ ⋅τ














 (21) 

In   Eq u a t io n s  (18) a n d  (19), C a n d   a r e t wo  ma t er ia l  pa r a met er s  a n dAs
0
, 

Af
0 , Rs

0
 a n d  Rf

0  a r e t h e c h a r a c t er is t ic  t emper a t u r es o f  t h e ph a se 

t r a n sf o r ma t io n  a t  zer o  s t r ess (Fig . 10). Th e ev o l u t io n  o f  t h e 

t r a n sf o r ma t io n  t emper a t u r es a c c o r d in g  t o  t h e sh ea r  s t r ess l ev el  is  

g iv en  by  Eq n . (19). Th is  en a bl es t h e h y st er es is  l o op t o  mo v e t o  a  h ig h er  

ψ1 ψ2

λ
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t emper a t u r e wh en  t h e sh ea r  s t r ess l ev e l  in c r ea ses. In t er n a l  l o o ps, 

c o n f in ed  in  t h e en v el o pe ze, a r e d esc r ibed  by  t h e  f o l l o w in g  eq u a t io n s:  

 &T > 0,

z= w⋅ψ1 T,τ( ) + w

&w = 0

v =
z−ψ2 T,τ( )( )
1−ψ2 T,τ( )( )

















 (22) 

 &T ≤ 0,

z= 1− v( ) ⋅ψ2 T,τ( ) + v

w = z

1+ψ1 T,τ( )( )
&v = 0















 (23) 

wh er e v a n d  w a r e in it ia l ized  bet ween  0 a n d  1. Fo r  ex a mpl e, if  w = 1 a n d  

&T > 0, in it ia l l y , t h en  z is  o n  t h e in c r ea s in g  t emper a t u r e br a n c h  o f  

en v el o pe ze
 (Eq n . (22)). In  t h e sa me wa y , if  v = 0 a n d  &T ≤ 0, in it ia l l y , t h en  z is  

o n  t h e d ec r ea s in g  t emper a t u r e br a n c h  o f  t h e en v el o pe ze
 (Eq n . (23)). 

Mo r eo v er , it  is  impo r t a n t  t o  n o t e t h a t  t h e ex pr ess io n  o f  t h e t wo  sh a pe 

f u n c t io n s, ψ1 T,τ( ) a n d  ψ2 T,τ( ) , d epen d  o n  t h e ma t er ia l  beh a v io r  (i.e., t h e 

h y st er es is  sh a pe). 

An  ex a mpl e o f  t h e ev o l u t io n  o f  t h e v o l u me f r a c t io n  o f  t h e s t r ess-

in d u c ed  R-ph a se a s a  f u n c t io n  o f  t emper a t u r e a t  c o n st a n t  s t ress is  g iv en  

in  Fig u r e  11. 
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Fig. 11. Ex a mpl e o f  ev o l u t io n  o f  t h e  v o l u me f r a c t io n  o f  t h e s t r ess-

in d u c ed  R-ph a se, z, 

d u r in g  a  t h er ma l  l o a d in g  "A-B-C-D-A" a t  c o n st a n t  s tr ess . 

3.3. Thermo-mechanical behavior of a stress-assisted two-way SMA spring 

Th is  k in et ic s  o f  ph a se t r a n sf o r ma t io n , pr o po sed  pr ev io u s l y , is  n o w  

in t eg r a t ed  in  a  t h er mo -mec h a n ic a l  mo d el  d esc r ibin g  t h e beh a v io r  o f  a  

s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA h el ic a l  spr in g  (i.e., t h e r e l a t io n  

bet ween  d ef l ec t io n , t emper a t u r e  a n d  ex t er n a l  f o r c e). 

Set  τ s
 a n d  zs, t h e sh ea r  s t r ess a n d  t h e v o l u me f r a c t io n  o f  R-ph a se o n  t h e 

sk in  o f  t h e w ir e c r o ss-sec t io n  o f  t h e h el ic a l  spr ing , r espec t iv e l y . Eq n . (1) 

g iv es t h e sh ea r  s t r a in  a t  t h e sk in  o f  t h e w ir e c r o ss-sec t io n  o f  t h e spr in g , 

γs
: 

 γs =θ d

2
 (24) 

Us in g  Eq n s . (2), (18) a n d  (24) a t  t h e sk in  o f  t h e wir e c r o ss-sec t io n  o f  t h e  

spr in g , g iv es: 

 f = π n D2

d

τ s

Ga 1− zs( ) +GR zs

+ µ tr − a⋅ T −Tref( )( )⋅ zs









 (25) 

wh er e τ s
, c o n st a n t  d u r in g  t r a n sf o r ma t io n , is  g iv en  by : 
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 τ s = 8F D

π d3  (26) 

Us in g  t h e  t wo  l a s t  eq u a t io n s, o n e o bt a in s: 

 f = F

Ka 1− zs( ) + KR zs

+ π n D2

d
µ tr − a. T−Tref( )( ).zs  (27) 

wh er e Ka = Ga d4

8n D3
 a n d  KR = GR d4

8n D3
 a r e t h e h el ic a l  spr in g  s t if f n ess in  t h e 

a u st en it ic  a n d  R-ph a se s t a t e , r espec t iv e l y . In  Eq n . (27), zs, t h e v o l u me 

f r a c t io n  o f  t h e R-ph a se a t  t h e sk in  o f  t h e w ir e c r o ss-sec t io n  o f  t h e 

h el ic a l  spr in g , d epen d s o n  t h e t emper a t u r e, T, a n d  t h e sh ea r  s t r ess, τ s
 

a n d  is  g iv en  by  t h e eq u a t io n s o f  ph a se t r a n sf o r ma t io n  k in et ic s , Eq n s (19) 

(22) a n d  (23). Th u s , Eq n . (27) g iv es t h e ev o l u t io n  o f  t h e d ef l ec t io n  o f  a  

s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA h el ic a l  spr in g  u n d er  a  c o n st a n t  

ex t er n a l  l o a d  a n d  d u r in g  a  t h er ma l  l o a d in g . 
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3.4. Identification and validation of the simplified stress-assisted two-way SMA helical spring 

model 

Th is  sec t io n  is  d ev o t ed  t o  t h e d esc r ipt io n  a n d  r ea liza t io n  o f  a  ser ies  o f  

St r ess-Ass is t ed  Tw o -Wa y  t est s  o n  a n  R-ph a se SMA h el ic a l  spr in g . Th e SMA 

spr in g s u sed  in  t h is  pa r t  a r e  t h e  sa me a s t h o se  u sed  in  §2.4. 

Th e f ir s t  SATW t est s  h a d  t wo  s t a g es: f ir s t , a n  in itia l  iso t h er ma l  

mec h a n ic a l  l o a d in g  wa s a ppl ied  a t  h ig h  t emper a t u r e (i.e., T = 55°C >Af
0 ). In  

t h is  s t a g e, t h e h el ic a l  spr in g  wa s in  a n  a u st en it ic s t a t e a n d  r ema in ed  

el a st ic . Th en , a  c o o l in g /h ea t in g  c y c l e  wa s a ppl ied  bet ween  55°C a n d  26°C 

w it h  a  c o o l in g  a n d  h ea t in g  r a t e o f  ±1°C/min . Fiv e dif f e r en t  l ev e l s  o f  

ex t er n a l  f o r c e wer e c o n s id er ed  (i.e., 0.7, 1, 1.3, 1.5 a n d  1.7 N). Th e t est s  a t  

0.7 a n d  1.3 N wer e u sed  t o  id en t if y  t h e s impl if ied  s t r ess-a ss is t ed  t wo -wa y  

R-ph a se SMA h el ic a l  spr in g  mo d el  pr esen t ed  in  t h e prev io u s sec t io n  a n d  

t h e o t h er s  wer e  u sed  in  t h e  v a l id a t io n  s t a g e o f  t h e pr o po sed  mo d el . 

Fig u r e  12 sh o ws t h e ev o l u t io n  o f  t h e R-ph a se SMA h el ic a l  spr in g  

d ef l ec t io n , f, v er su s t emper a t u r e, T, f o r  t wo  SATW t est s  per f o r med  a t  0.7 

a n d  1.3 N, r espec t iv e l y . Th e SATW t est , per f o r med  a t  0.7 N, c o n s is t s  in  a  

c o o l in g  bet ween  54°C t o  26°C, wh il e t h e t est  per f o rmed  a t  1.3 N is  a  

t h er ma l  c y c l e  bet ween  55°C a n d  26°C (Fig . 12). 

Th e sev en  ma t er ia l  pa r a met er s  o f  t h e pr o po sed  t h er mo -mec h a n ic a l  

mo d el  o f  s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA spr in g  (i.e., Ga, µtr, a, C, 

A0 = 1

2
As

0 + Af
0( ), R0 = 1

2
Rs

0 + Rf
0( )  a n d  λ) wer e id en t if ied  u s in g  t h e t wo  

ex per imen t a l  r esu l t s  g iv en  in  Fig . 12. Ta bl e 3 g iv es t h e se t  o f  n u mer ic a l  

v a l u es o f  t h e pa r a met er s  o f  t h e s impl if ied  t h er mo -mec h a n ic a l  mo d el  o f  

s t r ess-a ss is t ed  t w o -wa y  R-ph a se SMA spr in g . Fig u r e 13 sh o ws t h e 

c o mpa r iso n  bet ween  ex per imen t a l  a n d  n u mer ic a l  r esu lt s  f o r  t h e SATW 

t est s  per f o r med  a t  1.0, 1.3, 1.5 a n d  1.7 N, r espec tiv e l y . On e c a n  o bser v e a  

g o o d  a g r eemen t  be t ween  t h e  n u mer ic a l  r esu l t s  a n d  exper imen t a l  d a t a .  

Fin a l l y , a n o t h er  t y pe o f  SATW t est  wa s c a r r ied  o u t  u n d er  c o mpl ex  

t emper a t u r e h is t o r y  (i.e., t h e t h er ma l  l o a d in g  in c l u d es a n  in t er n a l  

c y c l e) a t  a  c o n st a n t  ex t er n a l  f o r c e o f  1.2 N. Fig u re 14 sh o ws t h e t h er ma l  

l o a d in g . Fig u r e 15 sh o ws t h e c o mpa r iso n  bet ween  ex per imen t a l  a n d  

n u mer ic a l  r esu l t s . Ag a in , t h er e is  a  g o o d  a g r eemen t bet ween  t h e 
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n u mer ic a l  r esu l t s  a n d  ex per imen t a l  d a t a . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 12. Ev o l u t io n  o f  d ef l ec t io n  v er su s  t emper a t u r e f o r  t wo  s t r ess-

a ss is t ed  t wo -wa y  t est s  o n  a n  R-ph a se SMA h el ic a l  spr in g . 
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Fig. 13. St r ess-a ss is t ed  t wo -wa y  t est s  a t  d if f er en t  c o n st a n t e f f o r t s : 

c o mpa r iso n  bet ween  ex per imen t a l  a n d  n u mer ic a l  r esu lt s . 

 

 

GR 
(MPa ) 

Ga 
(MPa ) 

µtr 
(%) 

a 
(°C-1) 

20000 36500 0.43 5.77 × 10-3 

C 
(°C-1) 

A0 
(°C) 

R0 
(°C) 

λ 
(°C.MPa-1) 

0.87 59.5 38 3.25 × 10-2 

Tab. 3. Th e id en t if ied  pa r a met er s  o f  t h e s impl if ied  s t r ess-a ssis t ed  t wo -

wa y  R-ph a se SMA spr in g  mo d el . 
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Fig. 14. Desc r ipt io n  o f  t h e  c o mpl ex  t h er ma l  l o a d in g  w it h  in ter n a l  c y c l e . 

 

 

Fig. 15. Co mpa r iso n  bet ween  ex per imen t a l  a n d  n u mer ic a l  r esul t s  f o r  t h e  

c o mpl ex  t h er ma l  l o a d in g  w it h  in t er n a l  c y c l e . 
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4. A simplified thermo-mechanical model for linear bias-spring actuators  

4.1. Hypothesis 

Th is  l a s t  sec t io n  c o n c er n s t h e mo d el in g  o f  t h e t h ermo -mec h a n ic a l  

beh a v io r  o f  l in ea r  bia s-spr in g  a c t u a t o r s . Lin ea r  b ia s-spr in g  a c t u a t o r s 

a r e a n  impo r t a n t  c a t eg o r y  o f  SMA-ba sed  a c t u a t o r s . Th ey  a r e t y pic a l l y  

u sed  in  c o n t ex t s  t h a t  r eq u ir e  mu l t ipl e  c y c l ic  o per at io n s o r  a c t u a t io n s. 

Sin c e SMA l in ea r  a c t u a t o r s  c a n  o n l y  c o n t r a c t  in  o n e d ir ec t io n , a  bia s in g  

f o r c e is  n ec essa r y  t o  r e t u r n  t h e SMA t o  it s  n eu t r a l po s it io n . Th e bia s in g  

f o r c e is  c l a ss ic a l l y  g en er a t ed  by  a  pr el o a d  spr in g  (i.e., b ia s-e l a st ic  

spr in g ). Fig u r e  16 sh o ws t h e t y pic a l  a r c h it ec t u r e of  a  l in ea r  b ia s-spr in g  

a c t u a t o r  a sso c ia t in g  a n  SMA spr in g  w it h  a  b ia s-e l a st ic  spr in g  in  a  

d if f er en t ia l  a r r a n g emen t . 

 

Fig. 16. Ty pic a l  SMA l in ea r  b ia s-e l a st ic  spr in g  a c t u a t o r  d es ig n . 

In  t h e f o l l o w in g , a  s impl if ied  t h er mo -mec h a n ic a l  mod el  f o r  l in ea r  b ia s-

spr in g  a c t u a t o r s  is  pr o po sed  in  a  q u a s i-s t a t ic  f r a mewo r k  (i.e., t h e in er t ia  

ef f ec t s  a r e ig n o r ed ). Pa r t ic u l a r  a t t en t io n  is  pa id  t o  l in ea r  b ia s-spr in g  

a c t u a t o r s  ba sed  o n  t h e u se o f  a  s t r ess-a ss is t ed  t wo-wa y  R-ph a se SMA 

h el ic a l  spr in g . Th u s, t h e  pr o po sed  mo d el  is  ba sed  on  t h e u se o f  t h e  

s impl if ied  mo d el  d ev el o ped  a n d  d esc r ibed  in  t h e  pr ev io u s  sec t io n s. 

4.2. Thermo-mechanical behavior of linear bias-elastic spring actuators 

Fig u r e  17 sh o ws t h e t wo  s t a g es t h a t  h a v e t o  be c o n sid er ed  in  t h e 

mo d el in g  o f  t h e t h er mo -mec h a n ic a l  beh a v io r  o f  a n  SMA l in ea r  b ia s-

el a st ic  spr in g  a c t u a t o r . Th e f ir s t , c a l l ed  prestrain stage o r  mounting stage, is  

per f o r med  a t  l o w  t emper a t u r e (i.e., a  t emper a t u r e l o wer  t h a n  t h e R-

ph a se f in ish  t emper a t u r e, Rf
0 ). At  t h is  s t a g e, t h e R-ph a se SMA spr in g  is  in  a  

t h er ma l -in d u c ed  R-ph a se s t a t e a n d  is  mec h a n ic a l l y  l o a d ed  t o  c o n n ec t  it  

w it h  t h e bia s-el a st ic  spr in g . Af t er  t h is  s t ep, t h e mo bil e  pa r t  o f  t h e  

SMA spring Bias-elastic spring 
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a c t u a t o r , in it ia l l y  l o c a t ed  in  po s it io n  A, mo v es t o  po s it io n  B (Fig . 17). Th e 

R-ph a se SMA spr in g  is  t h u s su bjec t ed  t o  a  d et w in n in g l o a d in g . Th er ef o r e, 

t o  mo d el  t h is  f ir s t  s t a g e, t h e  d et w in n in g  mo d el , pro po sed  in  § 2, is  u sed . 

Th e sec o n d  s t a g e c o n c er n s t h e a c t u a t io n  o f  t h e SMA l in ea r  b ia s-e l a st ic  

spr in g  a c t u a t o r  (Fig . 17). Th e R-ph a se SMA spr in g  is  a l t er n a t e l y  h ea t ed  

a n d  c o o l ed . Du r in g  t h e f ir s t  h ea t in g , t h e  mo bil e  par t  mo v es f r o m 

po s it io n  B t o  po s it io n  C, d epen d in g  o n  t h e t emper a t u r e l ev e l  a n d  

pr e l o a d in g  (Fig . 17). Th en , d u r in g  t h e n ex t  t h er ma l c y c l es, t h e mo bil e  

pa r t  ev o l v es bet w een  t h e t wo  po s it io n s C a n d  D (Fig . 17). To  mo d el  t h is  

sec o n d  s t a g e, t h e s impl if ied  t h er mo -mec h a n ic a l  mo d el  f o r  a  s t r ess-

a ss is t ed  t wo -wa y  R-ph a se SMA h el ic a l  spr in g , pr o po sed  in  §3, is  u sed . 

 

Fig. 17. Sc h ema t ic  r epr esen t a t io n  o f  t h e t wo  s t a g es  in  t h e oper a t io n  

o f  a n  SMA l in ea r  b ia s-e l a st ic  spr in g  a c t u a t o r . 

In  t h e f o l l o w in g , a  mec h a n ic a l  mo d el in g  o f  t h e t wo  s t a g es d esc r ibed  

a bo v e is  pr o po sed . Th e pr est r a in  ph a se is  f ir s t  pr oc essed  f o l l o wed  by  t h e 
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a c t u a t in g  s t a g e. 

Du r in g  t h e pr est r a in  s t a g e, it  is  a ssu med  t h a t  t h e f o r c e g en er a t ed  by  t h e 

bia s-e l a st ic  spr in g  is  n o t  su f f ic ien t  t o  in d u c e t h e ma r t en s it e  

t r a n sf o r ma t io n  in  t h e SMA spr in g . On l y  t h e r eo r ien ta t io n  pr o c ess o f  t h e  

R-ph a se is  t a k en  in t o  a c c o u n t . Th e f o u r  q u a n t it ies , fB
e
 (i.e., t h e in it ia l  

d ef l ec t io n  o f  t h e e l a st ic  spr in g ), fB
SMA

 (i.e., t h e in it ia l  d ef l ec t io n  o f  t h e 

SMA spr in g ), FB
e
 (i.e., t h e f o r c e ex er t ed  by  t h e e l a st ic  spr in g  o n  t h e mobil e  

pa r t ) a n d  FB
SMA

 (i.e., t h e f o r c e ex er t ed  by  t h e SMA spr in g  o n  t h e mo bil e 

pa r t ), d ef in e t h e s t a t e o f  t h e SMA a c t u a t o r  in   po sit io n  B. Th ey  c a n  be  

d et er min ed  u s in g  t h e f o u r  f o l l o w in g  eq u a t io n s: 

Mec h a n ic a l  beh a v io r  o f  e l a st ic  spr in g : FB
e = K e fB

e

 (28) 

Mec h a n ic a l  beh a v io r  o f  SMA spr in g  (Eq . (12)): 

 FB
SMA = π τ c d3

6D

1

1+ β








 1− 1

4

nπ τ c D2

d GR fB
SMA











3












+ β

1+ β
GR d4

8n D3
fB

SMA (29) 

Eq u il ibr iu m st a t ic  eq u a t io n : FB
e = FB

SMA
 (30) 

Mo u n t in g  eq u a t io n : fB
e + fB

SMA = ∆L0  (31) 

wh er e K e is  t h e s t if f n ess o f  t h e e l a st ic  spr in g . Th e r eso l ut io n  o f  t h is  

f o u r  eq u a t io n  sy st em a l l o ws u s t o  f in d  t h e v a l u es of  t h e f o u r  q u a n t it ies  

fB
e
, fB

SMA
, FB

e
 a n d  FB

SMA
. Fig u r e  18 g iv es t h e g r a ph ic a l  so l u t io n  o f  t h e 

pr ev io u s sy st em o f  eq u a t io n s. 
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Fig. 18. Gr a ph ic a l  d et er min a t io n  o f  t h e in it ia l  po s it io n  (B) 

o f  t h e SMA l in ea r  b ia s-el a st ic  spr in g  a c t u a t o r . 

No w t h a t  t h e in it ia l  s t a t e o f  t h e SMA spr in g  a c t u a to r  is  k n o wn , t h e 

pr o c ed u r e t o  d et er min e t h e ev o l u t io n  o f  t h e a c t u a t or  d u r in g  a n  

a c t u a t io n  s t a g e w il l  be d esc r ibed  in  t h e f o l l o w in g . Th is  pr o c ed u r e is  

ba sed  o n  t h e mo d el  d esc r ib in g  t h e t h er mo -mec h a n ic a l beh a v io r  o f  a  

s t r ess-a ss is t ed  t wo -wa y  R-ph a se SMA h el ic a l  spr in g  pr o po sed  in  Sec t io n  

§3 (Eq n s (22), (23) a n d  (27)). Kn o win g  t h e t emper a tu r e, T, a n d  it s  r a t e , &T , it  

is  n ec essa r y  t o  pr o c eed  u s in g  t h e  t h r ee f o l l o w in g  st eps: 

Step 1: sel ec t  t h e h y st er es is  l o o p br a n c h  a c c o r d in g  t o  t h e t emper a t u r e 

v a r ia t io n  s ig n  (Fig . 11) 

 if  &T > 0 , zs T, f( ) = w⋅ψ1 T,
8D

πd3
Ke ∆L0 − f( )







+ w  (32) 

 if  &T ≤ 0 , zs T, f( ) = 1− v( ) ⋅ψ2 T,
8D

πd3
Ke ∆L0 − f( )







+ v (33) 

Step 2: so l v e Newt o n ’s  l a w  eq u a t io n  in  q u a s i-s t a t ic  c o n d it io n s, u s in g  a  

n u mer ic a l  pr o c ed u r e, en a bl in g  t h e d et er min a t io n  o f  t h e 

d ef l ec t io n  f 
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Ke ⋅ ∆L0 − f( )

Ka ⋅ 1− zs T, f( )( ) + KR ⋅ zs T, f( )
+ π n D2

d
⋅ µ tr − a⋅ T −Tref( )( ) ⋅ zs T, f( ) − f = 0 (34) 

Step 3: u pd a t e t h e memo r y  v a r ia bl es, v a n d  w, u s in g  t h e f c a l c u l a t ed  in  

St ep 2 

 if  &T > 0,

&w = 0

v =
zs T, f( ) −ψ2 T,

8D

πd3
⋅ Ke ⋅ ∆L0 − f( )









1−ψ2 T,
8D

πd3

































 (35) 

 if  &T ≤ 0,
w =

zs T, f( )
1+ψ1 T,

8D
πd3

⋅ Ke ⋅ ∆L0 − f( )









&v = 0









 (36) 

Let  u s  in t r o d u c e t h e r e l a t iv e d ispl a c emen t  o f  t h e mo bil e  pa r t , y, d ef in ed  

by  t h e f o l l o w in g  eq u a t io n : 

 y = fD − f  (37) 

wh er e f  a n d  fD
 a r e t h e c u r r en t  d ef l ec t io n  a n d  t h e d ef l ec t io n  a t  

po s it io n  (D) o f  t h e SMA spr in g , r espec t iv e l y . fD  is  g iv en  by  t h e r eso l u t io n  
o f  t h e  f o l l o w in g  eq u a t io n : 

 
Ke ⋅ ∆L0 − fD( )

Ka ⋅ 1− zs TD , fD( )( ) + KR ⋅ zs TD , fD( )
+ π nD2

d
µ tr − a. TD −Tref( )( ).zs TD , fD( ) − fD = 0 (38) 

wh er e TD is  t h e t emper a t u r e a t  t h e  po s it io n  (D) a n d  zs TD, fD( )  is  g iv en  by : 

 zs TD, fD( ) =Ψ 1 TD,
8D

πd3
⋅ Ke ⋅ ∆L0 − fD( )







+1 (39) 

Th is  set  o f  eq u a t io n s per mit s  t h e d esc r ipt io n  o f  t he t h er mo -mec h a n ic a l  

beh a v io r  o f  a n  SMA l in ea r  bia s-el a st ic  spr in g  a c t u at o r  t a k in g  in t o  

a c c o u n t  t h e  in t er n a l  l o o p ph en o men a . 

4.3. Experimental validation of the simplified thermo-mechanical model for the SMA linear 

bias-elastic spring actuator 

Th e pr ev io u s t h er mo -mec h a n ic a l  mo d el  f o r  t h e SMA l in ea r  b ia s-e l a st ic  

spr in g  a c t u a t o r  wa s c o n f r o n t ed  w it h  ex per imen t a l  r esu l t s . To  a c h iev e  

t h is , a n  SMA l in ea r  bia s-e l a st ic  spr in g  a c t u a t o r  was  d ev e l o ped  (Fig . 19).  
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Fig. 19. To p v iew  o f  t h e SMA l in ea r  b ia s-e l a st ic  spr in g  a c t ua t o r  

d ev el o ped . 

Th e a c t u a t o r  d ev el o ped  wa s c o mpo sed  o f  t wo  t r a c t io n spr in g s mo u n t ed  

in  ser ies . Th e f ir s t   (o n  t h e l e f t  in  Fig . 19) wa s a n  e l a st ic  s t ee l  spr in g  o f  

s t if f n ess Ke = 0.09 N/mm. Th e sec o n d  spr in g  (o n  t h e r ig h t  in  Fig . 19) wa s a n  R-

ph a se NiTi spr in g  w it h  t h e sa me g eo met r ic  a n d  ma t eria l  c h a r a c t er is t ic s 

a s t h o se  u sed  in  Sec t io n s 2.4 a n d  3.4. 

To  en su r e t emper a t u r e h o mo g en eit y , h ea t in g  a n d  c o o lin g  l o a d in g s wer e  

per f o r med  u s in g  t h e sa me t h er ma l  c h a mber  a s bef o r e. Th e po s it io n  o f  t h e 

mo bil e  pa r t , y, wa s  mea su r ed  by  a  l a ser  sen so r  w it h  a  r eso l u t io n  o f  

a bo u t  50 µm. Th e SMA spr in g  t emper a t u r e wa s mea su r ed  u s in g  a  K-t y pe 

t h er mo c o u pl e (Fig . 19). Two  c o o l in g  a n d  h ea t in g  c y cl es , bet ween  60°C a n d  

25°C, wer e per f o r med  w it h  t wo  d if f er en t  pr est r a in  va l u es (i.e., ∆L0 = 40 mm 

a n d  ∆L0 = 50 mm). Fig u r e 20 sh o ws t h e c o mpa r iso n s bet ween  ex per imen t a l  

a n d  n u mer ic a l  r esu l t s . It  c a n  be o bser v ed  t h a t  t h e n u mer ic a l  f o r ec a st s  

wer e g o o d  a n d  t h a t  t h e pr o po sed  mo d el  wa s a bl e t o  pr ed ic t  t h e 

a c t u a t o r  beh a v io r  w it h  g o o d  a c c u r a c y . 

- a  - - b  - 
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Fig. 20. Co mpa r iso n  bet ween  ex per imen t a l  a n d  n u mer ic a l  r esul t s  

c o n c er n in g  t h e t h er mo -mec h a n ic a l  beh a v io r  o f  a n  SMA l in ea r  b ia s-

e l a st ic  spr in g  a c t u a t o r : 

- a  - Pr est r a in  v a l u e , ∆L0 = 40 mm, 

- b  - Pr est r a in  v a l u e , ∆L0 = 50 mm. 

5. Conclusion 

Th is  c o n t r ibu t io n  a n a l y ses t h e q u a s i-s t a t ic  t h er mo -mec h a n ic a l  beh a v io r  

o f  SMA h el ic a l  spr in g -ba sed  a c t u a t o r s . In  a  pr ima r y s t ep, a n a l y t ic a l  o r  

pseu d o -a n a l y t ic a l  t o o l s  h a v e been  pr o po sed  t o  d esc ribe bo t h  pseu d o -

pl a st ic  a n d  s t r ess a ss is t ed  t wo -wa y  memo r y  ef f ec t  beh a v io r s  o f  SMA 

h el ic a l  spr in g s. Pa r t ic u l a r  a t t en t io n  h a s been  pa id t o  R-ph a se SMA 

h el ic a l  spr in g -ba sed  a c t u a t o r s  (i.e., spr in g s ma d e in  NiTi a n d  c o n c er n ed  

by  R-ph a se t r a n sf o r ma t io n  ph en o men o n ). Th e pr o po sed  s impl if ied  mo d el s  

(i.e., ba sed  o n  bea m t h eo r y  f r a mewo r k ) h a v e been  v a l id a t ed u s in g  

ex per imen t a l  r esu l t s  o bt a in ed  a s a  pa r t  o f  t h is  wo rk . In  a  sec o n d  s t ep, a  

t h er mo -mec h a n ic a l  c o n st it u t iv e mo d e l  f o r  l in ea r  bias-spr in g  a c t u a t o r s  

h a s been  pr o po sed . An  SMA l in ea r  bia s -e l a st ic  spr ing  a c t u a t o r  h a s been  

d ev el o ped  a n d  u sed  t o  s t u d y  t h e r el ev a n c e o f  t h e pro po sed  mo d el . 

Nu mer ic a l  s imu l a t io n s a r e in  g o o d  a g r eemen t  w it h  exper imen t a l  d a t a . 

Al l  t h e mo d el s  pr o po sed  in  t h is  wo r k  c a n  be u sed  f or  t h e d es ig n  o f  

l in ea r -a c t u a t o r s  u s in g  R-ph a se SMA h e l ic a l  spr in g s . 
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Schematic representation of the two stages in the operation 

of an SMA linear bias-elastic spring actuator. 




