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Introduction

B wi-w4 Waypoint
O Position of UAV at each time-step
[1 z1 Obstacle

Bi-level problem:

Position of UAV 1
at time-step 3

| b
| |
| |
| |

= : Obstacle} o

- N the upper-level : task assignment

Mzﬁéﬁo B G 5 6 o q C-c(:? i E ' W4 prOblem
! w, | 8 [capability constraints]
| |
| |
| | :
R et - the lower-level : constructs the detailed
trajectory of UAVs
6 3 7 : 10 5 [dynamic system]

[avoidance the obstacles]
[dependency constraints]
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Formulation (1/5)

N, : Number of vehicles (UAVs)
index : p

N\, : Number of navigation points
index : i, (W;;, W) : position

N, : Number of no-fly-zones

Position of UAV 1

| &
I [
| | =
O | | 3
at time-step 3 i iommdq indeX :j
4 N N, : time steps are used for planning
o &1 1 W, index : t
- 3
| |
iﬁ______f UAV: point mass moving in two
dimensions with limited speed and
% uming rate

—) state of UAV : (2, y, ., /)
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Formulation (2/5)

The model of aircraft dynamics :

vVt =1,

o 27h _ 2mh
Tip S | —— | + Yip COS - < Umaz,,:
N, N,

o N, Vp=1.....Ny.'

vt =0,

_ 27h
NED

o N = 1.¥p=1,....Nyv.Yh =1, ...,

.'.J.;}-_; —
My Umaz
'-"-?[t—l p — Asf;ﬂ T Bjtp
t=0,..Np=1.¥p=1. Ny

(1)
(2)
(3)
(4)

[1] A. Richards et al. (2002). Co-ordination and Control of Multiple UAVs. In: AIAA

Guidance, Navigation, and

Control Conference (GNC), 2002.

6/33



Formulation (3/5)
Avoid a rectangular obstacle:

Ty — Zjz 2 —Rejpn,
Zjy — Typ 2 —Rejp,

ng —_ ,]’_?tp E _chpf_"if (5)

Z Ciptz < 3,

z=1

Vt=1,...Np,¥p=1,..Ny.¥j=1,.. Nz

Visit a waypoint:

Ty — Wit £ R(1 = byp),

Tty — Wip > =R(1 = biyt), (6)

o= Wi € R(1 = by,

Uip — Wia > —R(1 = biyt),
V=1, . Np.¥p=1,... Ny Wi = 1,.... Ny

[1] A. Richards et al. (2002). Co-ordination and Control of Multiple UAVs. In: AIAA

Guidance, Navigation, and Control Conference (GNC), 2002. 733



Formulation (4/5)

Assignment and Time dependency:

Time dependency:
- Each couple :
Dy = ("f';:-j';:) / fD;-,

The waypoint i, must
be visited after the

waypoint j, a duration Np Ny _
of tp, time units. > Kpibi < 1.Vi € Nyw\D,
t=1 p=1
Nt Ny o (T;7:>
Z Z Kby = 1,Vi € D,
t=1 p=1 B
Nt Ny Nt Ny —
Z Z Hﬁi.ﬁ;-;ﬂr?} — Z Z ﬂ‘}jﬁ:-prf 2 f-DIL-.\:f;' — ].f ;\-’TD+ - (8)
t=1 p=1 t=1 p=1
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Formulation (5/5)

Resources:
Np—1
Z (‘ff:; + ‘ffgj j E J':T:‘j:r:nv{;” — ]-: 5\'71-" (9)

t=(

The flight completion time:

N

tp > Z thipt. Vp=1,..., Ny, Vi =1, ..., Nw. (10)

t=1

The optimization problem:

A\
5 (oo + | Fies]) )

t=0 B />(11)

subject to : (1) — (10) T
gain
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Column generation (1/11)

» Column generation: a prominent method to cope
with linear programming (integer or mixed) with a
huge number of variables

» In context of column generation, branch-and-price
is an indispensable procedure for globally solving a

problem. Several specia
algorithms : generalized

routing problems, schec

ized branch-and-price
assignment problem, vehicle
uling problems, etc.

[2] Dantzig GB, Wolfe P. Decomposition principle for linear programs. Operations

Research 1960;8:101-111.

[3] Desaulniers G, Desrosiers J, Solomon MM (Eds.). Column Generation,

Springer US (2005).

[4] LOUbbecke M, Desrosiers J. Selected Topics in Column Generation. Operations

Research 2005;53(6):1007-1023.
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Column generation (2/11)

Feasible trajectory :

A feasible trajectory of a vehicle p is a trajectory starting from its
departure, satisfying all moving constraints and visiting at least

one waypoint |.

Q, : the set of all feasible trajectories for the vehicle p.

Q : the set of all feasible trajectories

0= Q.

P - _'.h‘\"v'{."

incompatible

Position of UAV 1
at time-step 3 5

Z1 :




Column generation (3/11)

Let r = (r1,72,....7n,) € Q, C Q) be a feasible trajectory,
where 71, -+ . 7N, are waypoints visited by UAV p. The
performance of this trajectory, denoted g(r), is calculated:

g(r) = Z Gip— €1 (T +eafF).
i ENw Mr
Zigm_,m 9i.p - the gain of trajectory r « —

10+

tf . the moment when UAV p visits
the last waypoint of the trajectory r

Position of UAV1
at time-step 3

1P the total force used through the Ty
trajectory r 1 rolsege. #1 | %w

| |
! Obstacle:




Column generation (4/11)

We define, for each waypoint i € N,,, the parameter of
visitation a,;, by :

a. = 1 if trajectory r passes waypoint i,

a. = 0 otherwise.

t.(i): the time-step for
visiting waypoint i incompatible

(2,(7): the set of all feasible E
trajectories of UAV p o el §
visiting waypoint i oA

e | I
MZA L R O 0 0 ¢ o ‘ : . W4
0 O ! I

10 15
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Column generation (5/11)

Problem (11) can be reformulated:

-

Ny
max » > g(r).6.,

p=1refl,
_1"-'1".-'
s.1. Z Z mrigr < l\‘?{i' = ]-: ...?_\'H-'_.
p=1refl,
Y 6. <1,vp=1,.. Ny,
refly

Ny . Ny ;o -
| L T b= X X (i 2 tn, Yh= 1 Np, (12)
p=1 1€ (ji)

p=1rell; i)
_‘\I-i.'
S Y b6,=1%k=1. .. Np.

p=1relly(ix)

Ny
S Y 6, =1Yk=1,..Np.

=1reQy(ix)

6, € {0,1},vr € Q.

.

The variable 0, € {0, 1} is a decision variable which describes whether a trajectory r
is chosen or not.
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Column generation (6/11)

Due to the first constraint, we can replace

f, € N,Vr € Q. <& {019

The linear relaxation of problem (12), i.e.,
0., > 0,vr € ()

is called Master Problem (MP).
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Column generation (7/11)

« Given QF C O,k € K and Q' = J, ., Q. We consider the
restricted Master Problem (RMP), denoted MP(Q!) :

4

Ny

max »_ > g(r).6:
p=1refl]
Ny

(]

Z ”-r'iHT E l.Vi = _I._. ..._._\\PET'T

\ z 2. N!'TUL‘-:‘QT -, Z "'-rr(ikjﬁr < —ip,. (13)
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Column generation (8/11)

« The dual program of (13), denoted by D(Q1) :

é

Ai

Hp

g

Nw

Np
min Z A + Z y — > tp, .0
k=1

S.t.

p=1
’\u

Np
Z ApiAi + Hp T Z (ir{\jk)-”r,jk - fr‘{\{‘;k)-”r:ik) Qg 2 .g{r)f
1=1 k=1

Vr € Q}}: p € Ny, (14)
Ai > 0.Vi € Ny \D.,

A € RVi € D,

, > 0,vp=1,.., Ny,

Y :_" U\Frri{ = 1, _'?\-TD.

: is the dual variable related to the visitation constraint of waypoint i

: is the dual variable related to the implementation constraint of vehicle p.

: is the dual variable corresponding to the dependency constraint.
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Column generation (9/11)

° SUppOSe that ()_'\ ,f_f 'ﬁ) — (;‘J_? 5‘_"\-’1.1-' ; ,ﬂ-lr ﬁ-_"\-’vf ﬁ-'l_' ﬂ'_-"\-'_DJ |S
an optimal solution of the dual problem D(Q1!), we have

:"'.'1[ 1 N D

Z A \; + fip + Z(tr(j;f).ar__jk — tr(i).ars, )0 = g(r),Vr € f];,p e Ny.

) (15)

If this condition (15) holds for allr € €,.p € Ny

ms) (\.ji.a) is also the optimal solution of the dual program
of (MP).

If not==) we will look for a trajectoryr € ©,\2, for an UAV
p € Ny such that :

Nw

Z ri N; [y + ;Z(tr'(jk)-ar:jk — tr(ig).Qry )k < g(7) (16)
== The sub-problem
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Column generation (10/11)

The sub-problem :
« Solving the sub-problem leads to solving a problem
which is quite similar to (11), but with only one vehicle p
so as to find a trajectory r which satisfies the condition
(16):
Subject to :

[dynamic system]

[avoidance the obstacles]

[dependency constraints] : modified

N T 4"'\'1-]" ."'Ilr'-']'

=> The sub-problem is easier to solve than the original
problem (11):

» The set of compatible waypoints : sub-set.
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Column generation (11/11)

Column generation-based algorithm :

Step 1. Generate initial sets ! for each vehicle p € N,
Step 2. Solve the problem (13) in order to obtain the
optimal solution and its dual solution (. iz, a),

Step 3. For each vehicle p eN,, solving the sub-problem
optimally to find a trajectory 7 € Q:\Q; satisfying the
condition (16) and update

O .= QL U {r}.

Step 4. Iterate step 2-3 until there is no trajectory
satisfying the condition.
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Branching (1/4)

If 6. is O0-1== the solution 0 is optimal.

If O is fractional = Branching : 2 techniques
- Branching 1: there exists a pair (i, p), i is a
waypoint and p is an UAV such that:

0 < Z a0, <1

-PEQI})

Left %ﬁnching Right

i

UAV p must visit waypoint i UAV p does not visit waypoint i
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Branching (2/4)

U< Z (LTZ'H.1 <1
Gauche /mnch\ Droit

!

I

Ql

- Dual Bound
- IP solution

Aanch%\

Left Right
O1L.L O1R
- Trajectories of UAVs - Trajectories of UAVs
S # p. S # p.
- Trajectories of UAV - Trajectories of UAV
p visiting I. p not visiting i.

UAV p visite paint |

UAV p ne visite pas paint |

1y 0.
Choraes 3 L Rmp@)

- Dual Bound | ./
- IP solution

A]nching

- Dual Bound
- IP solution

Amching
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Branching (3/4)

- Branching 2: there exist a triple (i, p, t), i is @ waypoint
and p is an UAV, t is the visitation time such that:

Left

Branching Right

UAV p visits waypoint i exactly at time t

UAV p does not visit waypoint i exactly at time t

10¢
/ 1 o 0 o 1 1 o0 0 O 0 1 1 \ ol Q0 Q.
o 1 1 0 0 0 1 1 1 0 0 0 | Ic
1 0 0 1 o0 0 1 1 1 1 0 0 Sf o \ . .
o 1 1 1 1 1 0 0 0 0 0 0 af uAvz | : 2 7974
1 0 1 0 1 o 1 0 1 0 1 0 | | |
0 1 0 1 0 1 0 1 0 1 0 1 : :
—22 14 20 0 -10 -23 19 13 18 0 —10 =23 of | |
95 18 22 —10 17 13 -12 23 -25 -25 0 O Ll ' \
2 0 0 0 10 23 0 0 0 0 10 23 ) | | 1
. ~HuUAY 3
0 14 2 0 0 0 19 13 18 0 0 0 o, . Mmoo ®
% 0 0 23 0 0 12 23 2 2 0 0 o[ %o 1 &
0 18 22 13 17 13 0 0 0 0 0 0 _al R g g o
10 4
0 2 4 B B 10 2

8 =(0;0; 0; 0; 0; 1, 0.5384615; 0; 0.4615385; 0; 0; 0)
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Branching (4/4)

Ql - Dual Bound
- IP solution
Left A] ncm Right

Q1L QLR

- Trajectories of UAVs
S # p.

- Trajectories of UAV p
visiting I at time t.

- Trajectories of UAVs

s # k.

- Trajectories of UAV p
not visiting i au temps t.

@\
- Dual Bound
- IP solution

Anching

A

<
@)

- Dual Bound
- IP solution

%nching

- Update the best IP solution

(Best_0ODbj).

- Eliminate the nodes providing

dual bound < Best_Obj
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Simulation: Data 1
UAV | mass Initial velocity Wnaz Vg frnaz F 15 "5 ."
(kg) | X(m/s) Y(m/s) | (°/s) | (m/s) | (N) | (N) - 1
1 5 0.1 0 15 1.5 |1.9635 | 25 lop LAVe : -
r——---- I =5
2 5 0.1 0 15 1.5 1.9635 | 25 o uavs : | in S
3 5 0.1 0 15 1.0 | 1.3090 | 25 vava Lo
1 5 0.1 0 5 | 15 |19635 25 0 | L a0
™ - - - - |
5 5 0.1 0 15 1.0 | 1.3000 | 25 v !
-5 UAV2 e 4
G 5 0.1 0 15 1.0 [ 1.3000 [ 25 T .
| [ -==
- I m I
5760 binary variables A N
1446 continuous variables . - Lo
16116 constraints =10 -5 0 5
Prob CPLEX Column generation
LP relaxation Objective  Time(s) Dual Bound IP solution Optimal Time(s) Nodes Depth
1 211.992952 203.858889 3600 205.857072 205.855858 | 205.85585H8 185.11 3 1
2 196.991954 178.852894 3600 189.839830 189.839826 | 189.839826 134.10 1 0
3 200.990944 194.858R894 98.09 194 .860893 194. 856896 | 194.858894 293.14 3 1
4 218.990941 194 . 866876 3600 210.860849 210.860849 | 210.860849 123.16 1 0
5] 202.992953 179.865901 3600 190.873856 190.863855 | 190.873856 348.59 11 5
§ 194.991954 185.861882 3600 190.852861 190.848847 | 190.849849 532.42 11 4
7 197.990951 185.852879 3600 192 852859 192.850859 | 192.850859 262.08 5] 2
8 215.993944 199.869905 3600 203.372870 201.869867 | 202.873872 866.48 17 53
9 215.992949 195.861886 3600 201.850853 201.840855 | 201.850853 498.75 13 6
10 219.992940 208.846807 3600 217.372772 214.856853 | 214.856853 271.92 5 2
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Simulation: Data 2

UAV [ mass | Initial velocity | Wmez | Vmaz | fmez | F | |
U’g J X(mf’f‘g) Y [:TTJ'.{,-‘:S:] (of'f-S:J (m .-';IS) (‘\) (*\) m-UAVE 0l 1l5 13
1 5 0.1 0 15 1.5 [1.9635] 30 T T P
L | | . : 7 : ! %

> 1 5 | 01 0 [ 15 | 15 (1963530 | | O EE o

| | % | |
3 5 0.1 0 15 1 20 [26180] 30 | ™™ = o | B

I [ | ” | 19 ‘L J' '
4 5 0.1 0 15 | 15 [1.9635[30 | & + | o o

| I " Lo e L
5] 5 0 01 | 15 | 20 [26180]30 | .., . . o,
6 | 5 | 0 01 | 15 | 20 |2.6180] 30 T S
715 | 0 01 | 15 | 20 26130 30 S e S

| a | 10 b !
8 5 0.1 0.1 15 2.0 [1.9635] 30 | ™™ | | " 1‘ S ,

15 }3 ------ : u6 : - : i 2 i ’

12200 binary variables e | Jr | Loy o
1608 continuous variables 9 | 16 O | b
32448 constraints ) oo

| | | | LUAV5 J.UAV6 J.UAW J.UAVB |

13 By -0 15 -0 -5 0 5 10 % 0

|
ool Ot
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Simulation: Data 2 (cont.)

Prob CPLEX Column generation

LP relaxation  Objective  Time(s) ~ Dual Bound I[P solution ~ Optimal  Time(s) Nodes Depth
1 403.977926 | 214.821828] | 10800 283.800815  259.814764 |262.823769 | [5770.24 197 11
2 412.980914 | 258.8277921 | 10800 272.720970  258.823776 | 258.829777 | 13910.47 111 10
3 419.981909 | 293.833806( | 10800 324.427904  304.812780 |[314.817780 | |3635.91 89 12
4 409.977917 | 290.8227841 | 10800 314.258042  297.814766 |308.817762 | |1155.81 21 i
i 414.981904 | 284.8088041 | 10800 288.494062  278.814781 |285.810781 | | 364.64 T 2
6 410.982910 | 275.8178101 | 10800 290.433635  272.816770 |277.815770 | [5267.93 101 9
T 439.981918 | 267.8218171 | 10800 315.997591  285.816777 |293.817771 | |4651.38 95 12
8 433.979908 | 271.8258061 | 10800 315.708516  314.809763 |314.810760 | | 348.93 J 2
9 438.980907 | 296.8217921 | 10800 320.794631  311.808781 |[314.812761 | | 799.39 15 1
10 434.982908 | 279.8257971 | 10800 304881974  287.811773 |294.809771 | |1179.29 37 9

2708.42s
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Conclusion and perspectives

« Present the problem of coordination and control multiple
UAVSs.

 Propose a branch-and-price algorithm to solve the
addressed problem.

« Compare numerical results obtained by our approach with
those given by CPLEX.

Perspectives :

« Study and analyze other methods to build UAV trajectory
« Parallelize the trajectory search for all drones to speed up
the computation time.
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